
264

The Pep Club promotes school
spirit at athletic events and school
activities. The members of the club
need new uniforms. They are
thinking of selling healthy snacks
at lunch time to raise the money
needed. What information does
the Pep Club need to gather?
What math might the members
use?

What 
You’ll Learn

• Model and solve problems using 
linear equations.

• Explain and illustrate strategies to 
solve linear inequalities.

Why It’s 
Important
Linear equations and inequalities occur 
in everyday situations involving ratios 
and rates, geometry formulas, scientific 
contexts, and financial applications. Using an
equation or inequality to solve a problem is an
important problem-solving strategy.

WNCP9_SE_U6_264-265.qxd  5/29/09  2:38 PM  Page 264



265

Key Words
• inverse operations
• inequality
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6.1

FOCUS
• Model a problem with

a linear equation, use
an arrow diagram to
solve the equation
pictorially, and record
the process
symbolically.

Solving Equations by Using 
Inverse Operations

Share your end equations with another pair of classmates.
Determine each other’s start equations. What strategies did you use?
How are the steps used to get from the start equation to the end equation
related to the steps used to reverse the process?

Reflect
Share &

➤ This arrow diagram shows the operations applied to the 
start equation x ! "7 to build the end equation 3x # 8 ! "13.

Copy and complete the diagram. What are Steps 1 and 2 in the bottom row?
What operations must be applied to the end equation to return to 
the start equation?

➤ Choose a rational number to complete your own start equation: x !!

Multiply or divide each side of the equation by the same number.
Write the resulting equation.
Add or subtract the same number from each side of the equation.
Write the resulting equation. This is the end equation.
Trade end equations with your partner.
Determine your partner’s start equation. Record the steps in your solution.

266 UNIT 6: Linear Equations and Inequalities

Investigate 2

The top row of the arrow diagram shows the steps 
to remove a flat tire on a car. What steps are needed 
to put on a new tire? 
How are these steps related to the steps to remove 
the flat tire?

1. Place jack
 under bumper.

5. 4. 3. 2. 1. Place spare
 tire on axle.

2. Loosen
 nuts.

4. Remove
 nuts.

5. Remove
 flat tire.

3. Raise
 car.

Step 1. Multiply by 3.

Step 1.Step 2.

Step 2. Add 8.
3x + 8 = –133x = –21x = –7Start

equation
End
equation
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Inverse operations “undo” or reverse each other’s results.
Addition and subtraction are inverse operations.
Multiplication and division are also inverse operations.

We can use inverse operations to solve many types of equations. To do this, we 
determine the operations that were applied to the variable to build the equation.
We then use inverse operations to isolate the variable by “undoing” these operations.

For example, to solve x ! 2.4 " 6.5:
➤ Start with x.

Identify the operation applied to x to produce 
the expression x ! 2.4; that is, add 2.4 to get:
x ! 2.4

➤ Since x ! 2.4 is equal to 6.5, apply the inverse operation 
on 6.5 to isolate x; that is, subtract 2.4 to get:
x ! 2.4 # 2.4 " 6.5 # 2.4
So, x " 4.1

6.1 Solving Equations by Using Inverse Operations 267

Connect

Example 1 Writing Then Solving One-Step Equations

For each statement below, write then solve an equation to determine each number.
Verify the solution.
a) Three times a number is #3.6.
b) A number divided by 4 is 1.5.

A Solution

a) Let n represent the number. Then, 3 times n is #3.6.
The equation is: 3n " #3.6

Inverse Operations Algebraic Solution

3n " #3.6
Undo the multiplication.
Divide each side by 3.

" 

n " #1.2

Verify the solution: 3 $ (#1.2) " #3.6, so the solution is correct.

#3.6
3

3n
3

!

–2.4

+2.4

4.1 6.5

x + 2.4x

Build equation

Solve equation

÷3

–1.2 –3.6

3nn

Build equation

Solve equation

×3
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268 UNIT 6: Linear Equations and Inequalities

b) Let m represent the number. Then, m divided by 4 is 1.5.
The equation is: ! 1.5

Inverse Operations Algebraic Solution

! 1.5

Undo the division.
Multiply each side by 4.

4 " ! 4 " 1.5

m ! 6

Verify the solution: ! 1.5, so the solution is correct.6
4

m
4

m
4

m
4

Example 2 Solving a Two-Step Equation

Solve, then verify each equation.
a) 4.5d # 3.2 ! #18.5 b) $ 3 ! 7.2

A Solution

a) 4.5d # 3.2 ! #18.5

Inverse Operations Algebraic Solution

4.5d # 3.2 ! #18.5
Add 3.2 to each side.
4.5d # 3.2 $ 3.2 ! #18.5 $ 3.2

4.5d ! #15.3
Divide each side by 4.5.

! 

d ! #3.4

#15.3
    4.5

4.5d
4.5

r
4

!

To “undo” a sequence of operations, we 
perform the inverse operations in the 
reverse order. For example, compare the steps 
and operations to wrap a present with the steps 
and operations to unwrap the present.

×4

6 1.5

m

Build equation

Solve equation

÷4
m
4

1. Put present
 in box.

3. Take present
 out of box.

2. Unwrap
 box.

1. Take off
 bow.

2. Wrap
 box.

3. Put on
 bow.

Wrap present

Unwrap present

–3.2×4.5

÷4.5 +3.2
Solve equation

Build equation

4.5d 4.5d – 3.2d

–3.4 –15.3 –18.5
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6.1 Solving Equations by Using Inverse Operations 269

To verify the solution, substitute d ! "3.4 into 4.5d " 3.2 ! "18.5.
Left side ! 4.5d " 3.2 Right side ! "18.5

! 4.5 # ("3.4) " 3.2
! "15.3 " 3.2
! "18.5

Since the left side equals the right side, d ! "3.4 is correct.

b) $ 3 ! 7.2

Inverse Operations Algebraic Solution

$ 3 ! 7.2

Subtract 3 from each side.
$ 3 " 3 ! 7.2 " 3

! 4.2
Multiply each side by 4.

4 # ! 4 # 4.2

r ! 16.8
To verify the solution, substitute r ! 16.8 into $ 3 ! 7.2.

Left side ! $ 3 Right side ! 7.2

! $ 3

! 4.2 $ 3
! 7.2

Since the left side equals the right side, r ! 16.8 is correct.

16.8
4

r
4

r
4

r
4

r
4

r
4

r
4

r
4

Science

When a freighter unloads its cargo, it replaces the mass of cargo with an equal mass of sea water.
This mass of water will keep the ship stable. The volume of sea water added is measured in litres.
To relate the volume of water to its mass, we use this formula for density, D :
D ! , where M ! mass, and V ! volume

Once a freighter has been unloaded, it is filled with 5 million litres of water. The density of sea water is 
1.030 kg/L. What mass of water was added? Solve the equation 1.030 ! to find out.M

5 000 000

M
V

We can use equations to model and solve problems. With 
practice, you can determine the inverse operations required 
to solve the equation mentally. In many situations, there 
may be more than one way to solve the equation.

+3÷4

×4 –3
Solve equation

Build equation

r

16.8 4.2 7.2

 + 3r
4

r
4
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270 UNIT 6: Linear Equations and Inequalities

Example 3 Using an Equation to Model and Solve a Problem

A rectangle has length 3.7 cm and perimeter 13.2 cm.
a) Write an equation that can be used to determine the width of the rectangle.
b) Solve the equation.
c) Verify the solution.

Solutions

a) Let w centimetres represent the width of the rectangle.
The perimeter of a rectangle is twice the sum of the 
length and width. So, the equation is: 13.2 ! 2(3.7 " w)

b) Solve the equation.

Method 1

Use inverse operations.
13.2 ! 2(3.7 " w)
Think:

13.2 ! 2(3.7 " w) Divide each side by 2.

!

6.6 ! 3.7 " w Subtract 3.7 from each side.
6.6 # 3.7 ! 3.7 " w # 3.7

2.9 ! w

Method 2

Use the distributive property, then inverse operations.
13.2 ! 2(3.7 " w) Use the distributive property to expand 2(3.7 " w).
13.2 ! 2(3.7) " 2(w)
13.2 ! 7.4 " 2w

13.2 # 7.4 ! 7.4 " 2w # 7.4 Subtract 7.4 from each side.
5.8 ! 2w Divide each side by 2.

!

2.9 ! w
c) Check: The perimeter of a rectangle with length 3.7 cm and width 2.9 cm is:

2(3.7 cm " 2.9 cm) ! 2(6.6 cm) 
! 13.2 cm

The solution is correct. The width of the rectangle is 2.9 cm.

2w
2

5.8
2

213.7 " w 2
2

13.2
2

!
3.7 cm

w

w

+3.7 ×2

÷2–3.7

w + 3.7 2(w + 3.7)
Solve:

Build:
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6.1 Solving Equations by Using Inverse Operations 271

Example 4 Using an Equation to Solve a Percent Problem

Seven percent of a number is 56.7.
a) Write, then solve an equation to determine the number.
b) Check the solution.

A Solution

a) Let n represent the number. Then, 7% of the number is 7% ! n, or 0.07n.
An equation is: 0.07n " 56.7
0.07n " 56.7 Divide each side by 0.07.

" Use a calculator.

n " 810
The number is 810.

b) 7% of 810 " 0.07 ! 810
" 56.7

So, the solution is correct.

56.7
0.07

0.07n
0.07

Discuss
the ideas

1. How are inverse operations used to solve an equation? 
How can you verify your solution of an equation?

2. When you build or solve an equation, why must you apply the
operations or inverse operations to both sides of the equation?

3. When you verify the solution to an equation, why should you
substitute the solution in the original equation?

4. When you solve a two-step equation using inverse operations,
how is the order in which you apply the inverse operations
related to the order in which you would build the end equation?

Check
5. Solve each equation by copying and

completing the arrow diagram.
How do you know that your solution 
is correct?

a) 2s " 6 b) " 5b
3

Practice

!

s 2s

6

Solve equation

Build equation
×?

b

Solve equation

Build equation
÷3

b
3
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272 UNIT 6: Linear Equations and Inequalities

c) 5e ! "35

d) ! "7

e) "9w ! 2.7

f) ! "1.2

6. Solve each equation by copying and
completing the arrow diagram. How do you
know that your solution is correct?
a) 3x # 2 ! 8

b) "5a " 6 ! 7 

c) " 6 ! 1 

d) # 5.5 ! 2 

7. A student tried to solve the equation 
"5m ! 15 by adding 5 to each side.
Explain what is wrong with the 
student’s method.
Show the correct way to solve 
the equation.

Apply
8. Solve each equation.

Which strategy did you use? 
Verify the solution.
a) 4x ! 9.6
b) 10 ! 3b " 12.5
c) "5.25x ! "210
d) "0.5 ! "2x # 8.1
e) 250 # 3.5n ! 670
f) "22.5 ! "2c " 30.5

r
8

m
2

c
5

x
2

×5

5ee

Build equation

Solve equation

x x
2

w

c

+2×3

3x 3x + 2x

8

a

m
2  – 6m

2m

1

–6÷2

r
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6.1 Solving Equations by Using Inverse Operations 273

9. For each statement below, write then solve
an equation to determine the number.
Verify the solution.
a) Two times a number is !10.
b) Three times a number, plus 6.4,

is 13.9.
c) Four times a number is !8.8.
d) Ten is equal to two times a number,

plus 3.6.

10. Solve each equation. Verify the solution.
a) " 15 b) ! 1.5 " !7

c) !1.5 " d) 5 " ! 5 

e) " 1.2 f) 1.2 " # 5.1

11. For each statement below, write then solve
an equation to determine the number.
Verify the solution.
a) A number divided by 4 is !7.
b) Three, plus a number divided by 5 is 6.
c) One-half of a number is 2.5.
d) One-third of a number, minus 4, is 2.

12. Jenna says that, to build the equation 

!2b # 4 " ! , she multiplied each side of

the start equation by !2, then added 4 to
each side. Can Jenna’s partner solve this
equation by dividing each side by !2, then
subtracting 4 from each side? 
Explain why or why not.

13. Erica is thinking of a number.
If you divide her number by 3 then 
subtract 13.5, the result is 2.8.
a) Let b represent Erica’s number.

Write an equation to determine 
this number.

b) Solve the equation.
c) Verify the solution.

14. A parallelogram has one shorter side of
length 1.2 cm and perimeter 6.6 cm.

a) Write an equation that can be used to
determine the length of the longer side.

b) Solve the equation.
c) Verify the solution.

15. Twelve percent of a number is 39.48.
a) Write, then solve an equation to

determine the number.
b) Check the solution.

16. Stephanie has a job in sales. She earns a
monthly salary of $2500, plus a commission
of 8% of her sales. One month, Stephanie
earns a total of $2780. This can be
represented by the equation 
2780 " 2500 # 0.08s,
where s is Stephanie’s sales in dollars.

a) Solve the equation to determine
Stephanie’s sales for that month.

b) Verify the solution.

17. Steve works in a clothing store. He earns
$1925 a month, plus a commission of 10%
of his sales. One month, Steve earned $2725.
a) Choose a variable to represent Steve’s

sales in dollars, then write an equation to
determine Steve’s sales that month.

b) Solve the equation.
What were Steve’s sales?

18. Solve each equation. Verify the solution.
a) 5(x ! 7) " !15
b) 2(m # 4) " 11
c) !3(t ! 2.7) " 1.8
d) 7.6 " !2(!3 ! y)
e) 8.4 " !6(a # 2.4)

3
4

2a
3

2c
5

q

!2
n
4

m
6

c
3

1.2 cm
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274 UNIT 6: Linear Equations and Inequalities

19. Assessment Focus Vianne took 4 bottles of
water and 6 bottles of juice to a family
picnic. Each bottle of juice contained 0.5 L.
The total volume of water and juice was
4.42 L. What was the volume of 1 bottle of
water?
a) Choose a variable and write an equation

for this situation.
b) Solve the equation.
c) Verify the solution.
Show your work.

20. On a test, a student solved these equations:

What mistakes did the student make?
Write a correct solution for each equation.

21. A large pizza with tomato sauce and cheese
costs $7.50, plus $1.50 for each additional
topping. A customer orders a large pizza
and is charged $16.50. How many toppings
did the customer order?
a) Write an equation to solve the problem.
b) Solve the problem. Verify the solution.

22. An item increased in price by $4.95. This is
a 9% increase. What did the item cost before
the price increase?
a) Write an equation to solve the problem.
b) Solve the equation. Verify your solution.

Take It Further
23. The expression 180(n ! 2) represents the

sum of the interior angles in a polygon with
n sides. Suppose the sum of its interior
angles is 1080°. How many sides does the
polygon have?
a) Write an equation to solve the problem.
b) Kyler solves the equation after using the

distributive property to simplify 
180(n ! 2). Show the steps in Kyler’s
solution.

c) Esta solves the equation by undoing the
operations that were used to build the
equation. Show the steps in Esta’s solution.

d) Whose method do you prefer? Explain.

24. Solve each equation. Verify the solution.
a) 4x " # !17 b) 8m ! #

c) ! 5p # d) " 10g # 62
5

22
8

67
6

3
4

176
7

6
7

37
5

Reflect

Choose a reversible routine from daily life. Explain why reversing the routine means 
undoing each step in the reverse order. Explain how this idea can be used 
to solve an equation. Include an example.

3x
3

19.8
3

a)     3(x – 2.4) = 4.2

    3(x) – 3(2.4) = 3(4.2)

          3x – 7.2 = 12.6

  3x – 7.2 + 7.2 = 12.6 + 7.2

                   3x = 19.8

                        
=

                     x = 6.6

b)      5 –    x = 3

    5 –    x – 5 = 3 – 5

                  x = –2

                  x = –1

 1
2

 1
2

 1
2
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6.2 Solving Equations by Using Balance Strategies  275

6.2 Solving Equations by Using 
Balance Strategies

FOCUS
• Model a problem

with a linear
equation, use
balance strategies
to solve the
equation pictorially,
and record the
process
symbolically.

Use a model or strategy of your choice to solve this equation: 5a ! 7 " 2a ! 1
Record the solution algebraically.
How do you know that your solution is correct?

Compare your strategies and solutions with those of another 
pair of classmates.
If you used different strategies, explain your strategy and 
choice of strategy.
What are the advantages and disadvantages of each strategy?
Which strategies did not work?

Reflect
Share &

Tracey has to solve the equation 4a ! 6 " 7a.
Could she use an arrow diagram to model this equation?
How could these balance scales help Tracey?

Connect

To solve an equation, we need to isolate the variable on one side of the equation.

In Lesson 6.1, we isolated the variable by reversing the operations acting on the variable.
However, this strategy can only be used when the variable occurs once in the equation.

Another way to isolate the variable is to use a balance strategy modelled by balance 
scales. The scales remain balanced when we do the same thing to each side.

aa
aa
aa

a

a
a
a
a

Each        has a mass of 1 g.

Investigate 2
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 276 UNIT 6: Linear Equations and Inequalities

a) Solve: 6x ! 2 " 10 ! 4x
b) Verify the solution.

A Solution

a) Rearrange the equation so that both terms containing the variable are on the 
same side of the equation. Then isolate the variable to solve the equation.

Pictorial Solution Algebraic Solution
Draw balance scales. 6x ! 2 " 10 ! 4x
On the left pan, draw 
masses to represent
6x ! 2.
On the right pan, draw 
masses to represent 
10 ! 4x.

Remove four x masses 6x # 4x ! 2 " 10 ! 4x # 4x
from each pan. 2x ! 2 " 10

Remove two 1-g masses 2x ! 2 # 2 " 10 # 2
from each pan. 2x " 8

Divide the masses in each 
pan into 2 equal groups.
Each x-mass in the left pan 
corresponds to a group of
4 g in the right pan.

b) Check: Substitute x " 4 in each side of the equation.
Left side " 6x ! 2 Right side " 10 ! 4x

" 6(4) ! 2 " 10 ! 4(4)
" 24 ! 2 " 10 ! 16
" 26 " 26

Since the left side equals the right side, x " 4 is correct.

Example 1 Modelling Equations with Variables on Both Sides

!

"

x " 4

8
2

2x
2

x
x
x

x
x
x

Each        has a mass of 1 g.

x
x

x
x

x x

x x
x x

x x
x x

x x

x x
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6.2 Solving Equations by Using Balance Strategies  277

We cannot easily use a balance scales model when any term in an equation is
negative. But we can use algebra tiles to model and solve the equation. We use the
principle of balance by adding the same tiles to each side or subtracting the same
tiles from each side.

Example 2 Using Algebra Tiles to Solve an Equation

!

Solve: !3c " 7 # 2c ! 8

A Solution

Algebra Tile Model Algebraic Solution
Model the equation with tiles. !3c " 7 # 2c ! 8 

Add two !c-tiles to each side to get the terms !3c " 7 ! 2c # 2c ! 8 ! 2c
containing c on the same side. Remove zero pairs. !5c " 7 # !8

Add seven !1-tiles to each side to get the constant !5c " 7 ! 7 # !8 ! 7
terms on the same side. Remove zero pairs. !5c # !15

Arrange the remaining tiles on each side into 5 groups.

One !c-tile is equal to !3. !1c # !3

Flip the tiles. One c-tile is equal to 3. c # 3
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 278 UNIT 6: Linear Equations and Inequalities

Solve each equation, then verify the solution.
a) ! 3, r " 0 b) ! # 7

A Solution

Create an equivalent equation without fractions.
a) To clear the fraction, multiply each side by the denominator.

! 3 Multiply each side by r.

r $ ! 3 $ r Think: $ !

122 ! 3r Divide each side by 3.

! 

! r

So, r ! , or 40 , or 40.

Check: Substitute r ! in the original equation.

Left side ! Right side ! 3

! 

! $

! 3
Since the left side equals the right side, r ! is correct.

b) To clear the fractions, multiply each side by the common denominator.

! # 7 Multiply each side by the common denominator 15.

15 $ ! 15 Use the distributive property.

15 $ ! 15 $ # 15 $ 7

10a ! 12a # 105 Subtract 12a from each side.
10a % 12a ! 12a # 105 % 12a

%2a ! 105 Divide each side by %2.

4a
5

2a
3

a4a
5

  # 7 b2a
3

4a
5

2a
3

122
3

3
122

122
1

 122 
122

3

122
r

122
3

62
3

122
3

122
3

3r
3

122
3

122
1

122
r

r
1

122
r

122
r

4a
5

2a
3

122
r

Example 3 Solving Equations with Rational Coefficients

!

Equations with rational numbers in fraction or decimal form cannot be modelled
easily with balance scales. However, we can solve these equations by doing the same
thing to each side of the equation to isolate the variable. We may:
➤ Add the same quantity to each side.
➤ Subtract the same quantity from each side.
➤ Multiply or divide each side by the same non-zero quantity.

5

1

3

1
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6.2 Solving Equations by Using Balance Strategies  279

!

a ! "52 , or "52.5

Check: Substitute a ! "52.5 in each side of the original equation.

Left side ! Right side ! # 7

! ! # 7

! "35 ! "42 # 7
! "35

Since the left side equals the right side, a ! "52.5 is the correct solution.

41"52.5 2
5

21"52.5 2
3

4a
5

2a
3

1
2

105
"2

"2a
"2

A cell phone company offers two plans.
Plan A: 120 free minutes, $0.75 per additional minute
Plan B: 30 free minutes, $0.25 per additional minute

Which time for calls will result in the same cost for both plans?
a) Model the problem with an equation.
b) Solve the problem.
c) Verify the solution.

A Solution
a) Let t minutes represent the time for calls.

For Plan A, you pay only for the time that is greater than 120 min.
So, the time you pay for is (t " 120) min.
Each minute costs $0.75, so the cost in dollars is: 0.75(t " 120)
For Plan B, you pay only for the time that is greater than 30 min.
So, the time you pay for is (t " 30) min.
Each minute costs $0.25, so the cost in dollars is: 0.25(t " 30)
When these two costs are equal, the equation is:
0.75(t " 120) ! 0.25(t " 30)

b) 0.75(t " 120) ! 0.25(t " 30) Use the distributive property.
0.75(t) # 0.75("120) ! 0.25(t) # 0.25("30)

0.75t " 90 ! 0.25t " 7.5 Subtract 0.25t from each side.
0.75t " 0.25t " 90 ! 0.25t " 0.25t " 7.5

0.50t " 90 ! "7.5 Add 90 to each side.
0.50t " 90 # 90 ! "7.5 # 90

0.50t ! 82.5 Divide each side by 0.50.

!

t ! 165
The cost is the same for both plans when the time for calls is 165 min.

82.5
0.50

0.50t
0.50

Example 4 Using an Equation to Model and Solve a Problem

!
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 280 UNIT 6: Linear Equations and Inequalities

Discuss
the ideas

1. Why can we not use an arrow diagram to solve an equation with
a variable term on each side?

2. When you solve an equation with variables on both sides of the
equation, does it matter if you isolate the variable on the left side
or the right side of the equation? Explain.

3. For an equation such as ! 3, why do we include the 

statement that r " 0?

122
r

Practice

Check
4. Write the equation represented by 

each picture. Solve the equation.
Record the steps algebraically.
a)

b)

5. Hammy uses algebra tiles to solve the
equation 3f # 2 ! f $ 4. These pictures
show the steps in the solution:

a) Explain the action taken in each step.
b) Record each step algebraically.

c) For Plan A, you pay for: 165 # 120, or 45 min
The cost is: 45 % $0.75 ! $33.75
For Plan B, you pay for: 165 # 30, or 135 min
The cost is: 135 % $0.25 ! $33.75
These costs are equal, so the solution is correct.

tt
t
t

Each        has a mass of 1 g.

Each        has a mass of 1 g.

s
s

s
s
s
s
s

0
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6. Use algebra tiles to solve each equation.
Record the steps.
a) 4g ! 7 " 3g
b) 4k # 4 ! "2k " 8
c) "4a " 3 ! 3 " a
d) 3h " 5 ! 7 " 3h

Apply
7. a) Solve each equation.

i) ! 2, h $ 0 ii) ! 2, h $ 0

iii) "2 ! , h $ 0 iv) ! 2, h $ 0

v) "2 ! , h $ 0 vi) ! "2, h $ 0

b) Explain why there are only 2 solutions to

all the equations in part a.

8. Solve each equation.
What strategy did you use? 
Verify the solution.
a) 2.4 ! , s $ 0

b) ! 1.8, t $ 0

c) "6.5 ! , w $ 0 

9. Ten divided by a number is "3. Write, then
solve an equation to determine the number.
Verify the solution.

10. Solve each equation.
What strategy did you use? 
Verify the solution.
a) "12a ! 15 " 15a
b) 10.6y ! 2.1y " 27.2
c) "10.8 # 7z ! 5z
d) 6u " 11.34 ! 4.2u
e) "20.5 " 2.2b ! "7.2b
f) "5.3p ! "9 " 8.9p

11. Solve each equation. Verify the solution.
a) 2 " 3n ! 2n # 7
b) 13 " 3q ! 4 " 2q
c) "2.4a # 3.7 ! "16.1 # 3.1a
d) 8.8v # 2.1 ! 2.3v " 16.1
e) "2.5x " 2 ! "5.7x # 6
f) 6.4 " 9.3b ! 25.3 " 3.9b

12. Two rental halls are considered for a
wedding.

Hall A costs $50 per person.
Hall B costs $2000, plus $40 per person.

Determine the number of people for which
the halls will cost the same to rent.
a) Model this problem with an equation.
b) Solve the problem.
c) Verify the solution.

13. Five subtract 3 times a number is equal to
3.5 times the same number, subtract 8.
Write, then solve an equation to determine
the number. Verify the solution.

14. A part-time sales clerk at a store is offered
two methods of payment.

Plan A: $1500 per month with a 
commission of 4% on his sales
Plan B: $1700 per month with a
commission of 2% on his sales

Let s represent the sales in dollars.
a) Write an expression to represent the total

earnings under Plan A.
b) Write an expression to represent the total

earnings under Plan B.
c) Write an equation to determine the sales

that result in the same total earnings
from both plans.

d) Solve the equation. Explain what the
answer represents.

"1.3
w

"5.4
t

4.8
s

6
"h

"6
h

6
"h

6
h

"6
h

6
h
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 282 UNIT 6: Linear Equations and Inequalities

15. Verify each student’s work.
If the solution is incorrect, write a correct
and complete solution.
a) Student A:

b) Student B:

16. a) Solve each pair of equations.

i) ! 3; ! 3, x " 0

ii) ! 12; ! 12, a " 0

b) How are the steps to solve for a variable
in the denominator of a fraction similar
to the steps used to solve for a variable in
the numerator? How are they different?
Explain.

17. Solve each equation. Verify the solution.
a) 4(g # 5) ! 5( g $ 3)
b) 3(4j # 5) ! 2($10 # 5j)
c) 2.2(h $ 5.3) ! 0.2($32.9 # h)
d) 0.04(5 $ s) ! 0.05(6 $ s)

18. Assessment Focus Hendrik has a choice of
2 companies to rent a car.

Company A charges $199 per week,
plus $0.20 per kilometre driven.
Company B charges $149 per week,
plus $0.25 per kilometre driven.

Determine the distance that Hendrik must
drive for the two rental costs to be the same.
a) Model this problem with an equation.
b) Solve the problem.
c) Verify the solution.
Show your work.

19. Solve each equation.
a) (m # 12) ! (20 # m)

b) (5 $ 3t) ! (t $ 2)

c) (1 # 3r) ! (2 $ 3r)

d) (6x # 5) ! (20x $ 7)

20. Both Dembe and Bianca solve the equation:
# ! x $

Dembe clears the fractions by multiplying
each side by 12. Bianca clears the fractions
by multiplying each side by 24.
a) Solve the equation using each student’s

method. Compare the solutions.
b) When you solve an equation involving

fractions, why is it a good idea to
multiply each side by the least common
denominator?

1
6

x
4

x
3

4
5

2
3

2
3

3
2

5
6

1
3

5
2

7
2

36
a

a
36

27
x

x
27

          2.2x = 7.6x + 27

2.2x – 7.6x = 7.6x + 27 – 7.6x

        –5.4x = 27

                 =

              x = 5

–5.4x
–5.4

27
–5.4

14.4
–0.1

–0.1x
–0.1

          –2.3x – 2.7 = 2.2x + 11.7

–2.3x – 2.7 + 2.2x = 2.2x +11.7 + 2.2x

          –0.1x – 2.7 = 11.7

 –0.1x – 2.7 + 2.7 = 11.7 + 2.7

                 –0.1x = 14.4

              =

                       x = –144
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21. Solve each equation. Verify the solution.

a) ! "

b) # "

c) 2 # " ! 1

d) ! " #

Take It Further
22. In volleyball, statistics are kept about players.

The equation B " M ! A can be used to
calculate the total blocks made by a player.
In the equation, B is the total blocks, M is
the number of solo blocks, and A is the
number of assisted blocks. Marlene has 
9 total blocks and 4 solo blocks. How many
assisted blocks did Marlene make? How do
you know that your answer is correct?

23. A cell phone company offers two different
plans.

Plan A
Monthly fee of $28
30 free minutes 
$0.45 per additional minute

Plan B
Monthly fee of $40
No free minutes
$0.25 per minute

a) Write an equation to determine the time
in minutes that results in the same
monthly cost for both plans.

b) Solve the equation.
c) Verify the solution.

1
2

5
2

7x
6

x
9

25
9

5x
24

x
24

x
4

5
4

5x
16

5
6

7
4

x
4

Reflect

List some strategies for solving an equation. For each strategy,
provide an example of an equation and its solution.

Science

Ohm’s Law relates the resistance, R ohms, in an electrical 
circuit to the voltage, V volts, across the circuit and the 
current, I amperes, through the circuit: R "

For a light bulb, when the voltage is 120 V and the 
resistance is 192 Ω, the current in amperes can be 
determined by solving this equation: 192 " 120

I

V
I
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How Can I Use My 
Problem-Solving Skills?

Suppose I have to solve this problem:
The sale price of a jacket is $41.49.
The original price has been 
reduced by 17%.
What was the original price?

➤ What do I know?
• The sale price is $41.49.
• This is 17% less than the original price.

➤ What strategy could I use to solve the problem?
• I could write, then solve an equation.

Let d dollars represent the original price.
17% of d is 0.17d.
A word equation is:
(original price) ! (17% of original price) is $41.49
An algebraic equation is:
1d ! 0.17d " 41.49 Combine the terms in d.

0.83d " 41.49 Divide each side by 0.83.
"

d ! 49.99
• I could write, then solve a proportion.

Let d dollars represent the original price, which is 100%.
Since the price has been reduced by 17%,
the sale price is 100% ! 17%, or 83% of the original price.
So, the ratio of sale price to original price is equal 
to the ratio of 83% to 100%.

As a proportion: "

" Multiply each side by 100.

100 # " 100 #

" 83 Multiply each side by d.

d # " 83 # d

4149 " 83d Divide each side by 83.

"

49.99 ! d

83d
83

4149
83

4149
d

4149
d

83
100

41.49
d

83
100

41.49
d

83
100

41.49
d

41.49
0.83

0.83d
0.83
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• I could draw a diagram to help me reason the answer.

The original price is 100%.
Since the price has been reduced by 17%,
the sale price is 100% ! 17%,
or 83% of the original price.
83% of the original price is $41.49 
So, 1% of the original price is 

And, 100%, which is the original price " # 100

"

! $49.99
The original price was $49.99.

Check: The discount is:
17% of $49.99 " 0.17 # $49.99 

" $8.50
Sale price " original price ! discount

" $49.99 ! $8.50 
" $41.49

This is the same as the given sale price, so the answer is correct.

➤ Look back.
Which method do you find easiest? Why?
Would you have solved the problem a different way? 
If your answer is yes, show your method.

Check
1. The price of gasoline increased by 6%. The new price is $1.36/L.

What was the price of gasoline before it increased?

2. Make up your own percent problem. Solve your problem.
Trade problems with a classmate, then solve your classmate’s problem.
Compare your strategies for answering both problems.

$4149
83

$41.49
83

$41.49
83

0 83%

$41.49 ?

100%

0
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1. For each equation, write the first operation
you would use to isolate the variable.
Justify your choice of operation.
a) !3j " 9.6 b) r ! 2 " 4

c) 2(!3x # 1.5) " 6 d) 3 " !2n # 9

2. Marshall creates this arrow diagram to
show the steps in the solution of

# 20.3 " 45.5.

a) Copy and complete the arrow diagram.
b) Record the solution algebraically.

3. Sheila is charged a fare of $27.70 for a cab
ride to her friend’s house. The fare is
calculated using a flat fee of $2.50, plus
$1.20 per kilometre. What distance did
Sheila travel?
a) Let k kilometres represent the distance

travelled. Write an equation to solve the
problem. Solve the problem.

b) Verify the solution.

4. An isosceles triangle has two equal sides of
length 2.7 cm and perimeter 7.3 cm.

a) Write an equation that can be used to
determine the length of the third side.

b) Solve the equation.
c) Verify the solution.

5. Solve each equation. Verify the solution.
a) " !1.5

b) 10.5 " 3b ! 12.5
c) 5(x ! 7.2) " 14.5
d) 8.4 " 1.2b
e) 2 # " 2.8

f) !8 " 0.4(3.2 # h)

6. Write the equation modelled by these
balance scales. Solve the equation. Verify
the solution.

7. Solve each equation. Verify the solution.
a) " !3.5, a $ 0

b) 8w ! 12.8 " 6w
c) !8z # 11 " !10 ! 5.5z

d) " 11 #

e) 0.2(5 ! 2r) " 0.3(1 ! r)
f) 12.9 # 2.3y " 4.5y # 19.5

g) (m # 4) " (3m # 9)

8. Skateboards can be rented from two shops
in a park.

Shop Y charges $15 plus $3 per hour
Shop Z charges $12 plus $4 per hour

Determine the time in hours for which the
rental charges in both shops are equal.
a) Write an equation to determine the time.
b) Solve the equation.
c) Verify the solution.

1
5

2
5

2x
3

5x
2

56
a

n
3

k
3

m
10

1
4

6.1

6.2

m

Solve equation

Build equation

2.7 cm

k
k

k
k
k

k
k
k

Each        has a mass of 1 g.
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Equation Persuasion

You wi l l  need
• a deck of playing cards

Number of  P layers
• 2

Goal  of  the Game
• To solve and verify your

partner’s end equation

Game  287

4. If you solved your partner’s 
equation correctly, you receive 
5 points. You get an additional 
5 points if you verify the solution.
But, if you gave your partner an 
incorrect end equation, you get 
0 points.

5. The first player to get 50 points wins.

How to Play

1. Each player picks a secret integer between !9 and 9.
Use the secret integer to write an equation of the form:
n " secret integer

2. Remove the face cards from the deck.
Each player draws 3 cards from the deck, one at a time.

For example:
• Suppose you choose a secret number of !2 and draw these

three cards in the given order: 4 of ♣, 3 of ♠, and 5 of ♦.
• Secretly perform the operations indicated by the cards on the

start equation: n " !2
Add 4 to each side of the equation: n # 4 " 2
Add 3n to each side of the equation: 4n # 4 " 2 # 3n
Multiply each side by 5: 5(4n # 4) " 5(2 # 3n)
This is the end equation.

3. Trade end equations with your partner.
Solve each other’s end equation.

Suit Meaning

♣ Add the number on the card to each side of the equation.

♠ Add the indicated number of ns to each side of the equation.

♦ Multiply each side of the equation by the number on the card.

♥ Subtract the number on the card from each side of the equation.

WNCP9_SE_U6_275-287.qxd  5/29/09  2:49 PM  Page  287



6.3

FOCUS
• Write and graph

inequalities.

Introduction to Linear Inequalities

Define a variable and write an inequality for each situation.

a) b) c) d)

288 UNIT 6: Linear Equations and Inequalities

Investigate 2

We use an inequality to model a 
situation that can be described by a range 
of numbers instead of a single number.
When one quantity is less than 
or equal to another quantity,
we use this symbol: !

When one quantity is greater than or
equal to another quantity,
we use this symbol: "

Which of these inequalities describes the 
time, t minutes, for which a car 
could be legally parked?
t # 30
t " 30
t $ 30
t ! 30

Inequality signs

$ less than

# greater than

Compare your inequalities with those of another pair of classmates.
If the inequalities are different, how can you find out which is correct?
Work together to describe three other situations that involve inequalities.
Write an inequality for each situation.

Reflect
Share &
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Define a variable and write an inequality to describe each situation.
a) Contest entrants must be at least 18 years old.
b) The temperature has been below !5"C for the last week.
c) You must have 7 items or less to use the express checkout line 

at a grocery store.
d) Scientists have identified over 400 species of dinosaurs.

A Solution

a) Let a represent the age of a contest entrant.
“At least 18” means that entrants must be 18, or 19, or 20, and so on.
So, a can equal 18 or be greater than 18.
The inequality is a # 18.

b) Let t represent the temperature in degrees Celsius.
For the temperature to be “below !5"C”, it must be less than !5"C.
The inequality is t $ !5.

c) Let n represent the number of items.
The number of items must be 7 or less than 7.
The inequality is n % 7.

d) Let s represent the number of species of dinosaurs.
“Over 400” means greater than 400.
The inequality is s & 400.

Example 1 Writing an Inequality to Describe a Situation

Here are some examples of inequality statements:
➤ One expression is less than another; a is less than 3: a $ 3
➤ One expression is greater than another; b is greater than !4: b & !4
➤ One expression is less than or equal to another;

c is less than or equal to : c %

➤ One expression is greater than or equal to another;
d is greater than or equal to !5.4: d # !5.4

Many real-world situations can be modelled by inequalities.

3
4

3
4

Connect

A linear equation is true for only one value of the variable.
A linear inequality may be true for many values of the variable.
The solution of an inequality is any value of the variable that makes the inequality true.
There are usually too many numbers to list, so we may show them on a number line.

!
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Example 2 Determining Whether a Number Is a Solution of an Inequality

Is each number a solution of the inequality b ! "4? Justify the answers.
a) "8 b) "3.5 c) "4 d) "4.5 e) 0

Solutions

Method 1

Use a number line. Show all the numbers on a line.
The solution of b ! "4 is all numbers that are greater than or equal to "4.

For a number to be greater than "4, it must lie to the right of "4.
a) "8 is to the left of "4, so "8 is not a solution.
b) "3.5 is to the right of "4, so "3.5 is a solution.
c) "4 is equal to itself, so it is a solution.
d) "4.5 is to the left of "4, so "4.5 is not a solution.
e) 0 is to the right of "4, so 0 is a solution.

Method 2

Use substitution. Substitute each number for b in the inequality b ! "4.
Determine whether the resulting inequality is true or false.
a) Since "8 ! "4 is false, "8 is not a solution.
b) Since "3.5 ! "4 is true, "3.5 is a solution.
c) Since "4 # "4, "4 is a solution.
d) Since "4.5 ! "4 is false, "4.5 is not a solution.
e) Since 0 ! "4 is true, 0 is a solution.

We can illustrate the solutions of an inequality by graphing them on a number line.

For a $ 3, the solution is all numbers greater than 3. Since 3 is not part of the 
solution, we draw an open circle at 3 to indicate this.

For b % "5, the solution is all numbers less than or equal to "5. Since "5 is part of
the solution, we draw a shaded circle at "5 to indicate this.

!

–8 –4

less than –4 greater than –4

–3.5–4.5

0

–1 0 1 2 3 4 5 6 7

–9 –8 –7 –6 –5 –4 –3  –2 –1
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Example 3 Graphing Inequalities on a Number Line

Graph each inequality on a number line.
Write 4 numbers that are solutions of the inequality.
a) t ! "5 b) "2 # x c) 0.5 $ a d) p % "

A Solution

a) t ! "5
Any number greater than "5 satisfies the inequality.

Four possible solutions are:

"4, "2.1, 0,

b) "2 # x means that "2 is greater than or equal to x,
or x is less than or equal to "2; that is, x $ "2

Four possible solutions are:
"2, "4 , "6.8, "100

c) 0.5 $ a means that 0.5 is less than or equal to a,
or a is greater than or equal to 0.5; that is, a # 0.5

Four possible solutions are:
0.5, 2, 3 , 1000

d) p % "

" is "8 .

The solution is all numbers that are less than "8 .

Four possible solutions are:
"9, "15.8, "20 , "992

5

1
3

1
3

25
3

25
3

3
4

1
4

1
2

25
3

!

–8 –7 –6 –5 –4 –3  –2

–6 –5 –4 –3 –2 –1 0

–1 –0.5 0 0.5 1 1.5 2

–10 –8–9 –71
3–8
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Discuss
the ideas

1. How is the solution of an inequality different from the 
solution of an equation?

2. How do you know whether to use an open circle or a 
shaded circle in the graph of an inequality?

Check
3. Is each inequality true or false? 

Explain your reasoning.
a) 5 ! 8 b) "5 ! "8
c) 5 ! "8 d) 5 ! 5
e) 5 # 5 f) 0 $ "5
g) 5.01 ! 5.1 h) !

4. Use a symbol to write an inequality that
corresponds to each statement.
a) x is less than "2.
b) p is greater than or equal to 6.
c) y is negative.
d) m is positive.

5. Is each number a solution of x ! "2? 
How do you know?
a) 0 b) "6.9 c) "2.001
d) "3 e) "2 f) "

6. Write 4 numbers that are solutions of each
inequality.
a) b % 5 b) 7 % x
c) "2 # v d) w # "12

Apply
7. Determine whether the given number is a

solution of the inequality.
If the number is not a solution, write an
inequality for which the number is a solution.
a) w ! 3; 3 b) "3.5 ! y; 0
c) m $ 5 ; 5.05 d) a # "2; "15

8. Define a variable and write an inequality to
model each situation.
a) A coffee maker can hold no more 

than 12 cups of water.
b) You must be at least 15 years old to

obtain a learner’s permit to drive in
Nunavut.

c) The maximum seating capacity of a
school bus is 48 students.

d) Over 2500 people participate in the
charity bike-a-thon each year.

e) The shoe store sells sizes no larger 
than 13.

9. Match each equation or inequality with the
graph of its solution below.
Justify your choice.
a) m % 3 b) p & 3
c) k # 3 d) t ! 3
e) v $ 3 f) 3 ! n
g) 3 $ h h) 3 # s

i)

ii)

iii)

iv)

v)1
2

1
2

1
8

1
5

Practice

2 3 4 5 6

2 3 4 5 6

2 3 4 5 6

2 3 4 5 6

2 3 4 5 6
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10. Tom and Stevie write the inequality whose
solution is shown on this graph:

Tom writes a ! 4. Stevie writes 4 " b.
Can both of them be correct? Explain.

11. Assessment Focus
a) For each situation, define a variable and

write an inequality to describe the
situation.

i) In Canada, a child under 23 kg must
ride in a car seat.

ii) A silicone oven mitt is heat resistant
to temperatures up to 485#C.

iii) The minimum wage in Alberta is
$8.40 an hour.

b) Graph the solution of each inequality on
a number line.

12. Write an inequality whose solution is
graphed on the number line. In each case,
are 1 and $3 solutions of the inequality?
Explain.

a)

b)

c)

13. Graph the solution of each inequality on a
number line.
a) w ! 5.5 b) x % $2
c) z ! $6 d) a " 6.8

e) b % 6.8 f) c !

g) d % $ h) x %

Take It Further
14. Joel is producing a one-hour TV show.

An advertiser wants at least 12 min of
commercials, and the station will not allow
more than 20 min of commercials. Graph
the possible show times on a number line.
Write two inequalities to describe the situation.

15. The words “over,” “under,” “maximum,”
“minimum,” “at least,” and “no more than”
can describe inequalities.
a) Which symbol describes each word?
b) Give a real-world situation that could be

described by each word. Write the
situation as an inequality.

16. Use a symbol to write an inequality for this
statement: y is not negative.
Justify your inequality.

18
5

2
3

2
3

Reflect

An inequality can be described with words, symbols, or a graph.
Which representation do you find easiest to understand? Explain.
Include an example in your explanation.

–2 –1 0 1 2

–2 –1 0 1 2

–12 –11 –10 –9 –8

2 3 4 5 6
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6.4 Solving Linear Inequalities by Using 
Addition and Subtraction

FOCUS
• Use addition and

subtraction to solve
inequalities.

➤ Write two different numbers.
Write the symbol ! or " between the numbers to make an inequality.

➤ Choose another number. Add that number to each side of the inequality.
Is the resulting inequality still true?

➤ Repeat the preceding step 3 more times with different numbers.
➤ Subtract the same number from each side of the original inequality.

Is the inequality still true?
➤ Repeat the preceding step 3 more times with different numbers.

294 UNIT 6: Linear Equations and Inequalities

Investigate

Compare your results with those of another pair of classmates.
When the same number is added to or subtracted from each side of an
inequality, is the resulting inequality still true? Explain.
How could you use this property to solve the inequality x # 5 $ 11? 
Work together to solve the inequality.
How do you know that your solution is correct?

Reflect
Share &

2

Jamina places masses on balance scales.
Why is the right pan lower than the 
left pan? 
Will the right pan remain lower than 
the left pan in each situation?
• Jamina places 2 g on each pan.
• Jamina removes 3 g from each pan.

3 g6 g
4 g 3 g
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We can use a number line to investigate the effect of adding to and subtracting from
each side of an inequality.

➤ Adding the same number to each side of an inequality

!2 " 4 Add 2 to each side.
!2 # 2 " 4 # 2 

0 " 6 This resulting inequality is true.

➤ Subtracting the same number from each side of an inequality
!2 " 4 Subtract 1 from each side.

!2 ! 1 " 4 !1 
!3 " 3 This resulting inequality is true.

When we add the same number to, or subtract the same number from, each side of
an inequality, the points move left or right, but their relative positions do not change.

To solve an inequality, we use the same strategy as for solving an equation:
isolate the variable by adding to or subtracting from each side of the inequality.
Compare the following solutions of an equation and a related inequality.

6.4 Solving Linear Inequalities by Using Addition and Subtraction 295

Connect

Equation

h # 3 $ 5
h # 3 ! 3 $ 5 ! 3

h $ 2
There is only one solution: h $ 2

Inequality

h # 3 " 5
h # 3 ! 3 " 5 ! 3

h " 2
There are many solutions; too many to list.
Any number that is less than 2 is a solution;
for example, 0, !5.7, !3452, and so on

–3 –2 –1 0 1 2 3 4 5 6

–3 –2 –1 0 1 2 3 4 5 6

+2 +2

–3 –2 –1 0 1 2 3 4 5 6

–1–1

The examples above illustrate this property of inequalities:
➤ When the same number is added to or subtracted from each side of an inequality,

the resulting inequality is still true.

!2 is less than 4 because !2 is to
the left of 4 on a number line.
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Example 1 Solving an Inequality

a) Solve the inequality: 6.2 ! x " 4.5 b) Verify the solution. c) Graph the solution.

A Solution

a) 6.2 ! x " 4.5 Add 4.5 to each side.
6.2 # 4.5 ! x " 4.5 # 4.5

10.7 ! x
b) The solution of the inequality 10.7 ! x is all numbers greater than or equal to 10.7.

Choose several numbers greater than 10.7; for example, 11, 20, 30
Substitute x $ 11 in the original inequality.
Left side $ 6.2 Right side $ x " 4.5

$ 11 " 4.5
$ 6.5

Since 6.2 % 6.5, the left side is less than the right side,
and x $ 11 satisfies the inequality.
Substitute x $ 20 in the original inequality.
Left side $ 6.2 Right side $ x " 4.5

$ 20 " 4.5
$ 15.5

Since 6.2 % 15.5, the left side is less than the right side,
and x $ 20 satisfies the inequality.
Substitute x $ 30 in the original inequality.
Left side $ 6.2 Right side $ x " 4.5

$ 30 " 4.5
$ 25.5

Since 6.2 % 25.5, the left side is less than the right side,
and x $ 30 satisfies the inequality.
Since all 3 substitutions verify the inequality,
it suggests that x & 10.7 is correct.

c) Graph the solution on a number line.

It is impossible to check all of the solutions of an inequality. We verified the 
inequality in Example 1 by selecting several numbers from the solution and 
substituting them into the original inequality. Since the resulting statements were 
true, this suggests that the solution is correct.

A term containing a variable represents a number, so this term can be added to 
or subtracted from each side of an inequality.

!

8 9 10

10.7

11 12 13
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Example 2 Using an Inequality to Model and Solve a Problem

Jake plans to board his dog while he is away on vacation.
• Boarding house A charges $90 plus $5 per day.
• Boarding house B charges $100 plus $4 per day.
For how many days must Jake board his dog for boarding 
house A to be less expensive than boarding house B?
a) Choose a variable and write an inequality that can be used 

to solve this problem.
b) Solve the problem.
c) Graph the solution.

A Solution

a) Let d represent the number of days Jake boards his dog.
For house A: $90 ! $5/day can be written, in dollars, as 
90 ! 5d. For house B: $100 ! $4/day can be written,
in dollars, as 100 ! 4d. For house A to be less expensive 
than house B, 90 ! 5d must be less than 100 ! 4d.
So, an inequality is: 90 ! 5d " 100 ! 4d

b) 90 ! 5d " 100 ! 4d Subtract 4d from each side.
90 ! 5d # 4d " 100 ! 4d # 4d

90 ! d " 100 Subtract 90 from each side.
90 # 90 ! d " 100 # 90

d " 10
Boarding house A is less expensive if Jake leaves his dog there 
for less than 10 days.

c) d " 10

Discuss
the ideas

1. Why is it impossible to check all the solutions of an inequality?

2. When a solution of an equation is verified, we say that the solution is
correct. When a solution of an inequality is verified, we can only say
that this suggests the solution is correct. Why?

3. Suppose the solution of an inequality is r $ 5.6. How would you
choose suitable values of r to substitute to check?

!

In Example 2, the number line begins with a circle at 0 because a dog cannot be boarded 
for a negative number of days.

0 1 2 3 4 5 6 7 8 9 10 11 12
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298 UNIT 6: Linear Equations and Inequalities

Check
4. Which operation will you perform on each

side of the inequality to isolate the variable?
a) a ! 4 " 3 b) 0 # $ ! m

c) r $ 4 % $3 d) k $ 4.5 & 5.7
e) s ! & $3 f) 6.1 " 4.9 ! z

5. What must you do to the first inequality to
get the second inequality?
a) x $ 2 " 8

x " 10

b) 12.9 & y ! 4.2
y % 8.7

c) p $ &

p & 1

6. State three values of x that satisfy each
inequality: one integer, one fraction, and
one decimal.
a) x ! 3 % 7 b) x $ 3 & 7
c) x ! 7 # 3 d) x $ 3 " 7

Apply
7. Match each inequality with the graph of its

solution below. Is 3 a possible solution of
each inequality? How can you find out?
a) c $ 2 " 2 b) 8 % $5 ! w
c) 1 " r ! 8 d) 7 ! m & $2

i)

ii)

iii)

iv)

8. Solve each inequality. Graph the solution.
Verify the solution.
a) x ! 5 " 2 b) $9 % y $ 3
c) 4 ! a & 8 d) 2 " x ! 7
e) k ! 8 # $13 f) q $ 2.5 # 3.9

9. Solve each inequality. Graph the solution.
Show the steps in the solution.
Verify the solution by substituting 3 different
numbers in each inequality.
a) 4t $ 19 # 24 ! 3t
b) 3x # 2x $ 11
c) 5x $ 7 # 4x ! 4
d) 2 ! 3a & 2a $ 5
e) 1.7p ! 2.8 % 0.7p $ 7.6
f) 2y ! 13.3 % y $ 24.1

10. A student says b % $9 is the solution of
$7 % b ! 2 because substituting $9 into
the original inequality gives the true
statement $7 % $7. Do you agree? Justify
your answer.

11. a) Solve the equation: 7.4 ! 2p ' p $ 2.8
b) Solve the inequality: 7.4 ! 2p % p $ 2.8
c) Compare the processes in parts a and b.

How is solving an inequality like solving
the related equation? How is it different?

d) Compare the solutions in parts a and b.
How is the solution of an inequality like
the solution of the related equation? 
How is it different?

1
2

1
2

3
10

2
3

Practice

–8–9–10–11–12 –7 –6

10 11 12 13 14 15 16

2 3 4 5 6 7 8

–13 –12–14 –11 –10 –9 –8
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12. Joel currently has a balance of $212.35 in 
his bank account. He must maintain a
minimum balance of $750 in the account to
avoid paying a monthly fee. How much
money can Joel deposit into his account to
avoid paying this fee?
a) Choose a variable, then write an

inequality that can be used to solve this
problem.

b) Solve the problem.
c) Graph the solution.

13. Teagan is saving money to buy a snowmobile
helmet. One weekend, she earned $20 to
add to her savings, but she still did not have
the $135.99 she needed for the helmet.
a) Choose a variable, then write an

inequality to represent this situation.
b) Solve the inequality. What does the

solution represent?
c) Verify the solution and graph it on a

number line.

14. Assessment Focus  Marie has $4.85. She
wants to buy a muffin and a cake at a bake
sale. The cake is on sale for $3.45. How
much can Marie spend on a muffin?
a) Choose a variable, then write an

inequality to solve the problem.
b) Use the inequality to solve the problem.
c) Graph the solution on a number line.
d) A deluxe muffin costs $1.45.

Can Marie afford to buy this muffin? 
Justify your answer.

Show your work.

Take It Further
15. a) Solve each inequality. Graph the solution.

i) 2a ! 5 " 2 # 3a
ii) 0.7p ! 7.6 $ 1.7p # 2.8

b) What strategies did you use to solve the
inequalities in part a?

c) Compare your solution and graphs in 
part a with the solutions to questions 9d
and 9e. Explain the differences.

16. a) Graph each inequality. Describe the
solution in words.

i) x % !2.57
ii) b " !10.25
iii) p $ 1.005

b) Explain how the graphs of these
inequalities are different from those that
you have graphed before.

c) Which is a more accurate way to describe
a solution: using an inequality or using a
graph? Explain.

Reflect

How is solving an inequality by using addition or subtraction similar to solving an
equation by using addition or subtraction? How is it different? 
Use an example in your explanation.
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300 UNIT 6: Linear Equations and Inequalities

6.5 Solving Linear Inequalities by Using 
Multiplication and Division

FOCUS
• Use multiplication 

and division to solve
inequalities.

In the patterns below, each side of the inequality 12 ! 6 is multiplied or divided 
by the same non-zero number.

Multiplication Pattern Division Pattern
12 ! 6 12 ! 6

12("3) ! 6("3) 12 # ("3) ! 6 # ("3)
12("2) ! 6("2) 12 # ("2) ! 6 # ("2)
12("1) ! 6("1) 12 # ("1) ! 6 # ("1)

12(1) ! 6(1) 12 # 1 ! 6 # 1
12(2) ! 6(2) 12 # 2 ! 6 # 2
12(3) ! 6(3) 12 # 3 ! 6 # 3

➤ Copy and simplify each expression in the patterns.
➤ Replace each ! with $ or ! to create a true statement.
➤ Compare the inequality signs in the pattern with the inequality sign in 12 ! 6.

When did the inequality sign stay the same?
When did the inequality sign change?

How does the position of a number on a number line determine 
whether it is greater than or less than another number? 
How does this explain why 2 $ 3 but "2 ! "3?

Share your results with another pair of classmates.
What happens to an inequality when you multiply or divide each side by:
• a positive number?
• a negative number?
Work together to explain these results.

Reflect
Share &

Investigate 2

–3 –2 –1 3210
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We can use a number line to investigate the effect of multiplying and 
dividing each side of an inequality by the same number.

Consider the inequality: !1 " 2
Multiply each side by 3. Divide each side by 3.

!1 " 2 !1 " 2
(!1)(3) " (2)(3) (!1) # 3 " 2 # 3

!3 " 6 ! "

Multiply each side by !3. Divide each side by !3.
!1 " 2 !1 " 2

(!1)(!3) $ (2)(!3) (!1) # (!3) $ 2 # (!3)
3 $ !6 $ !

To solve an inequality, we use the same strategy as for solving an equation.
However, when we multiply or divide by a negative number, we reverse the 
inequality sign.

2
3

1
3

2
3

1
3

6.5 Solving Linear Inequalities by Using Multiplication and Division 301

Connect

We must reverse the 
inequality sign for each
inequality to remain true.

654–3 –2 –1 3210

654–3 –2 –1 3210

×3
×3

–2 –1 210– 1
3

2
3

÷3 ÷3

×(–3)

×(–3)

–3–4–5–6 –2 –1 2 310

÷(–3)

÷(–3)

–2 –1 210– 2
3

1
3

The examples above illustrate these properties of inequalities:

➤ When each side of an inequality is multiplied or divided by the same positive
number, the resulting inequality is still true.

➤ When each side of an inequality is multiplied or divided by the same negative
number, the inequality sign must be reversed for the inequality to remain true.
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Example 1 Solving a One-step Inequality

Solve each inequality. Graph each solution.
a) !5s " 25

b) 7a # !21

c) $ !3

d) % !2

A Solution

a) !5s " 25
As you divide each side by !5,
reverse the inequality sign.

% 

s % !5

b) 7a # !21
Divide each side by 7.

#

a # !3

c) $ !3

As you multiply each side by !4,
reverse the inequality sign.

!4 # !4 (!3)

y # 12

d) % !2

Multiply each side by 3.

3 % 3(!2)

k % !6

a k
3
b

k
3

a y

!4
b

y

!4

!21
7

7a
7

25
!  5

!5s
!5

k
3

y

!4

!

–8 –7–9 –6 –5 –4 –3

–6 –5–7 –4 –3 –2 –1

15 14 13 12 11 10 9

–9 –8 –7 –6 –5 –4 –3
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6.5 Solving Linear Inequalities by Using Multiplication and Division 303

Example 2 Solving a Multi-Step Inequality

a) Solve this inequality: !2.6a " 14.6 # !5.2 " 1.8a
b) Verify the solution.

A Solution

a) !2.6a " 14.6 # !5.2 " 1.8a Subtract 14.6 from each side.
!2.6a " 14.6 ! 14.6 # !5.2 ! 14.6 " 1.8a

!2.6a # !19.8 " 1.8a Subtract 1.8a from each side.
!2.6a ! 1.8a # !19.8 " 1.8a ! 1.8a

!4.4a # !19.8 Divide each side by !4.4 and reverse

$ the inequality sign.

a $ 4.5

b) The solution of the inequality a $ 4.5 is all numbers less than 4.5.
Choose several numbers less than 4.5; for example, 4, 0, !2

Substitute a % 4 in the original inequality.
Left side % !2.6a " 14.6 Right side % !5.2 " 1.8a

% –2.6(4) " 14.6 % !5.2 " (1.8)(4)
% !10.4 " 14.6 % !5.2 " 7.2
% 4.2 % 2

Since 4.2 # 2, the left side is greater than the right side,
and a % 4 satisfies the inequality.

Substitute a % 0 in the original inequality.
Left side % !2.6a " 14.6 Right side % !5.2 " 1.8a

% !2.6(0) " 14.6 % !5.2 " (1.8)(0)
% 14.6 % !5.2

Since 14.6 # !5.2, the left side is greater than the right side,
and a % 0 satisfies the inequality.

Substitute a % !2 in the original inequality.
Left side % !2.6a " 14.6 Right side % !5.2 " (1.8)(!2)

% !2.6(!2) " 14.6 % !5.2 ! 3.6
% 5.2 " 14.6 % !8.8
% 19.8

Since 19.8 # !8.8, the left side is greater than the right side,
and a % !2 satisfies the inequality.

Since all 3 substitutions verify the inequality, it suggests that a $ 4.5 is correct.

!19.8
!4.4

!4.4a
!4.4

!
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304 UNIT 6: Linear Equations and Inequalities

Example 3 Using an Inequality to Model and Solve a Problem

A super-slide charges $1.25 
to rent a mat and $0.75 per ride.
Haru has $10.25. How many rides 
can Haru go on?
a) Choose a variable, then write an 

inequality to solve this problem.
b) Solve the problem.
c) Graph the solution.

A Solution

a) Let n represent the number of rides that Haru can go on.
The cost of n rides is 1.25 ! 0.75n.
This must be less than or equal to $10.25.
So, the inequality is:
1.25 ! 0.75n " 10.25

b) 1.25 ! 0.75n " 10.25 Subtract 1.25 from each side.
1.25 # 1.25 ! 0.75n " 10.25 # 1.25

0.75n " 9 Divide each side by 0.75.

" 

n " 12

Haru can go on 12 or fewer rides.

c) Since the number of rides is a whole number, the number line 
is drawn with a shaded circle at each solution.

9
0.75

0.75n
0.75

!

to come <Catch: wncp9_se_u06_le05_p11a

photo of slide at the Edmonton mall>

Discuss
the ideas

1. How is multiplying or dividing each side of an inequality by the same
positive number different from multiplying or dividing each side by
the same negative number?

2. What is an advantage of substituting 0 for the variable to verify the
solution of an inequality? Can you always substitute 0? Explain.

111098765431 20 12
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Check
3. Predict whether the direction of the

inequality sign will change when you
perform the indicated operation on each
side of the inequality.
a) !9 " !2; Multiply by 4.
b) 14.5 # 11.5; Multiply by !3.
c) 6 # !12; Divide by !4.
d) !4 " 10; Divide by 4.
Check your predictions. Were you correct?
Explain.

4. Do not solve each inequality. Determine
which of the given numbers are solutions of
the inequality.
a) 4w " 3; !2, 0, 2.5
b) 3d $ 5d % 10; !5, 0, 5

5. a) State whether you would reverse the
inequality sign to solve each inequality.
Then solve and graph the inequality.

i) 10 ! y & 4 ii) 3c # !12
iii) !6x " 30 iv) " 3

b) Refer to your solutions in part a. State
three values of the variable that satisfy 
each inequality: one integer, one fraction,
and one decimal.

6. A student says that if c # 9, then !3c # !27.
Do you agree? Justify your answer.

Apply
7. Solve each inequality. Verify the solution by

substituting 3 different numbers in each
inequality.
a) 4 ! 2t " 7
b) !5x % 2 # 24 
c) 2m % 3 & !7
d) !4x ! 2 # 10

8. Write, then solve an inequality to show how
many cars you would have to wash at $5 a
car to raise at least $300.

9. Solve each inequality. Graph the solution.
a) 1 ! k & 4 % k
b) 2 % 3g " g ! 5
c) 4.5 ! 2.5a # 6
d) 4.7b ! 9 $ 11 ! 1.3b
e) !6.4 % 3.6s & 1.8s % 1.7
f) !2.5v % 4.7 $ !3.8v % 1.58

10. The Student Council decides to raise money
by organizing a dance. The cost of hiring
the video-DJ is $1200 and the Student
Council is charging $7.50 per ticket. How
many tickets can be sold to make a profit of
more than $1500?
a) Choose a variable and write an inequality

to solve this problem.
b) Use the inequality to solve the problem.
c) Verify the solution and graph it on a

number line.

11. Solve each inequality. Graph the solution.
a) 1 % x # 17

b) !2 & !6 % c

c) 4 ! d $ d ! 5

d) f ! " 2 % f

12. Solve each inequality. Show the steps in the
solution. Verify the solution by substituting 
3 different numbers in each inequality.
a) 4a ! 5 $ a % 2
b) 15t ! 17 $ 21 ! 4t
c) 10.5z % 16 & 12.5z % 12
d) 7 % b & 2b % 221

3

1
2

3
5

5
6

2
3

1
4

3
4

m
!2

Practice
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13. Jake takes a taxi to tour a city. He is charged
$2.50, plus $1.20 per kilometre.
Jake has $12.00. How far can he travel?
a) Choose a variable and write an inequality

for this problem.
b) Solve the inequality.

Explain the solution in words.
c) Verify the solution.
d) Graph the solution.

14. Assessment Focus
a) Solve the equation: 2 ! w " 3w #

b) Solve the inequality: 2 ! w $ 3w #

c) Compare the processes in parts a and b.
How is solving an inequality like solving
the related equation? How is it different?

d) Compare the solutions in parts a and b.
How is the solution of an inequality like 
the solution of the related equation? 
How is it different?

Show your work.

15. Janelle plans to replace the light bulbs in her
house with energy saver bulbs.
A regular light bulb costs $0.55 and has an
electricity cost of $0.004 20 per hour.
An energy saver bulb costs $5.00 and has an
electricity cost of $0.001 05 per hour.
For how many hours of use is it cheaper to
use an energy saver bulb than a regular bulb?
a) Write an inequality for this problem.
b) Solve the inequality.

Explain the solution in words.
c) Verify the solution.
d) Graph the solution.

16. Solve each inequality. Graph the solution.
a) 3(0.4h # 5) % 4(0.2h # 7)
b) !2(3 ! 1.5n) & 3(2 ! n)
c) !4(2.4v ! 1.4) $ !2(0.8 # 1.2v)
d) !5(3.2 # 2.3z) ' 2(!1.5z ! 4.75)

Take It Further
17. Solve each inequality.

Verify and graph the solution.

a) a # ' a !

b) (5.2 ! 3m) % ! (2m # 7.5)

18. A business must choose a company to print
a promotional brochure.

Company A charges $900 plus
$0.50 per copy.
Company B charges $1500 plus 
$0.38 per copy.

a) How many brochures must be printed for
the cost to be the same at both companies?

b) How many brochures must be printed for
Company A to be less expensive?

c) How many brochures must be printed for
Company B to be less expensive?

d) Explain the strategies you used to solve
these problems.

7
10

3
5

3
4

7
3

1
2

3
2

1
2

3
4

1
2

3
4

Reflect
A student says, “Solving inequalities is different from solving equations 
only when you multiply or divide each side of the inequality by a negative number.”
Do you agree with this statement? Explain.
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Solving Equations
◗ An equation is a statement that one quantity is equal to another.

To solve an equation means to determine the value of the variable that 
makes the right side of the equation equal to the left side.

◗ To solve an equation, isolate the variable on one side of the equation.
We use inverse operations or a balance strategy of performing the 
same operation on both sides of the equation. This can include:
• adding the same quantity to each side of the equation
• subtracting the same quantity from each side of the equation
• multiplying or dividing each side of the equation by the same 

non-zero quantity

◗ Algebra tiles, arrow diagrams, and balance scales help model the steps 
in the solution.

Solving Inequalities
◗ An inequality is a statement that:

• one quantity is less than another; for example, !4 " 3.2a
• one quantity is greater than another; for example, b # 8 $ !7
• one quantity is greater than or equal to another;

for example, 3.4 ! 2.8c % 1.3c
• one quantity is less than or equal to another;

for example, ! d # & ! d

◗ The solutions of an inequality are the values of the variable that make the
inequality true. We can graph the solutions of an inequality on a number
line; for example, f % 3.5:

and g " ! :

◗ The inequality sign reverses when you multiply or divide each side of the
inequality by the same negative number.

7
4

1
2

3
4

1
4

5
8

3
2

Study Guide
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–5 –4 –3 –2 –1 0
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Review 

1. a) Copy and complete each arrow diagram 
to solve each equation.

b) Record the steps in the arrow diagram
symbolically.
i) 8h ! 7.2

ii) ! "7

iii) 5c " 1 ! 2.4

2. Both Milan and Daria solve this equation:
4(3.2s # 5.7) ! "6
a) Milan uses inverse operations to undo

the steps used to build the equation.
Show the steps in Milan’s solution.

b) Daria uses the distributive property, then
inverse operations.
Show the steps in Daria’s solution.

c) Describe an advantage and a
disadvantage of each method.

3. Solve each equation. Verify the solution.
a) "20.5 ! 3b # 16.7
b) # 1.2 ! "2.2

c) "8.5 ! 6.3 "

d) "2.3(x # 25.5) ! "52.9 

4. A kite has longer sides of length 3.1 cm and
a perimeter of 8.4 cm.

a) Write an equation that can be used to
determine the length of a shorter side.

b) Solve the equation.
c) Verify the solution.

5. Write the equation represented by these
balance scales:

Solve the equation. Record the steps
algebraically.

6. Write the equation modelled by these
algebra tiles:

Use algebra tiles to solve the equation.
Record the steps algebraically.

7. Solve each equation. Verify the solution.
a) ! "4.5, a $ 0

b) " # 2m ! "

c) 12.5x ! 6.2x # 88
d) 2.1g " 0.3 ! "3.3g " 30
e) x # ! x #

f) 5.4(2 " p) ! "1.4(p # 2)

5
2

5
8

4
3

3
2

1
5

1
3

"72
a

w
2

t
3

t
5

6.1

6.2

h

t

c

3.1 cm

3.1 cm

r
r
r

r

Each        has a mass of 1 g.
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8. Kevin is planning to rent a car for one
week. Company A charges $200 per week,
with no charge for the distance driven.
For the same car, Company B charges a $25
administration fee plus $0.35 per 
kilometre. Determine the distance driven
that will result in equal costs at the two
companies.
a) Define a variable and write an equation

that can be used to solve the problem.
b) Use the equation to solve the problem.
c) Verify the solution.

9. A student solves this equation:

What mistakes did the student make? 
Rewrite a correct and complete solution.
How do you know your solution is correct?

10. Define a variable, then write an inequality
that describes each situation.
a) Persons under 18 are not admitted.
b) A person must be at least 90 cm tall to

go on an amusement park ride.
c) Horton can spend a maximum of $50.
d) A game is recommended for players 

5 years and older.

11. Write the inequality represented by each
number line.
a)

b)

c)

d)

12. a) Graph each inequality on a number line.

i) a ! "5.2 ii) b # 8.5

iii) c $ " iv) d %

b) For each inequality in part a, are "3 and 5
possible solutions? Justify your answer.

13. Determine 3 values of the variable that
satisfy each inequality: one integer, one
fraction, and one decimal.
a) h " 2 ! "5 b) 3k $ "9 c) 5 " y $ 0

14. State whether each operation on the
inequality "2x $ 5 will reverse the
inequality sign.
a) Multiply each side by 4.
b) Add "5 to each side.
c) Subtract "2 from each side.
d) Divide each side by "6.

15. The cost of a prom is $400 to rent a hall,
and $30 per person for the meal. The prom
committee has $10 000. How many
students can attend? 
a) Define a variable and write an inequality

to model this problem.
b) Solve the inequality, then graph the

solution.

16. Solve each inequality.
Verify and graph the solution.
a) 7 & y ! 25 b) "7y ! 14
c) $ "2.5 d) 5.2 " y ! "5.5 

e) 13.5 & 2y # 18.5 f) 24 & 3a # "6 & 7a

x
4

25
4

5
3

6.4
6.5

6.3

4.2
0.5

0.5v
0.5

   3.5(2v – 5.4) = 2.5(3v – 1.2)

          7v – 5.4 = 7.5v – 1.2

 7v – 7.5v – 5.4 = 7.5v – 7.5v – 1.2

0.5v – 5.4 + 5.4 = –1.2 + 5.4

                 0.5v = 4.2

             =

                      v = 8.4

–4 –3 –2 –1 0 1 2

321 4 5 6 7

10 2 3

–9 –8 –7 –6 –5 –3–4
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310 UNIT 6:  Linear Equations and Inequalities

1. Use a model of your choice to illustrate the steps to solve this equation:
15 ! 2d " 5d ! 6
Explain each step and record it algebraically.

2. Solve each equation.
a) #3x # 0.7 " #7 b) " 5 # 1.5

c) ! 5.4 " #3.2 d) 2.4w # 5.6 " 3.7 ! 1.9w

e) c # " c ! f) 4.5(1.2 # m) " 2.4(#2m ! 2.1)

3. To cater a lunch, Tina’s Catering charges $100, plus $15 per meal.
Norman’s Catering charges $25, plus $20 per meal.
Determine the number of meals that will result in equal costs 
at the two companies.
a) Define a variable, then write an equation that can be used 

to solve this problem.
b) Solve the equation. Verify the solution.

4. Solve each inequality. Verify, then graph the solution.
a) 5 # t $ 3 b) 3(t ! 2) % 11 # 5t c) ! 5 & # m

5. A car rental company charges $24.95 per day plus $0.35 per kilometre.
A business person is allowed $50 each day for travel expenses.
How far can the business person travel without exceeding her daily budget?
a) Define a variable, then write an inequality to solve the problem.
b) Solve the problem. Graph the solution.

How do you know that your answer is correct?

6. Two students wrote these solutions on a test. Identify the errors.
Write a correct and complete algebraic solution.

1
2

m
4

3
4

1
2

7
2

1
4

r
3

26
x

Practice Test

b)     x + 4 < –8 – 2x

   x + 4 – 4 > –8 – 2x – 4

              x > –12 – 2x

      x + 2x > –12 – 2x + 2x

            3x > 12

             x > 4

a)         c – 2 = 3

    4 x    c – 2 = 4 x 3

             c – 2 = 12

                 c = 14

 1
4
 1
4
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Unit Problem 311

There are 25 students in the school’s Pep Club.

1. The Pep Club can buy new uniforms from 
2 different suppliers:
Company A charges $500, plus $22 per uniform.
Company B charges $360, plus $28 per uniform.
a) Define a variable, then write an equation that 

can be used to determine the number of
uniforms that will result in equal costs at both 
companies.

b) Solve the equation. Verify the solution.
c) Which company should the Pep Club choose? 

Justify your recommendation.
d) How much money must the Pep Club raise to 

purchase the uniforms?

2. The Pep Club decides to raise the money for the 
uniforms by selling snacks at lunch time. The snacks 
cost the Pep Club $6.00 for a box of 30.
a) Determine the cost per snack.
b) The Pep Club makes a profit of $0.25 on each snack sold. Suppose the club 

does raise the money it needs. Define a variable, then write an inequality 
that can be used to determine how many snacks might have been sold.
How many boxes of snacks did the members of the Pep Club need?

c) Solve the inequality.
d) Verify the solution.

Your work should show:
• an equation and inequality and how you determined them
• how you determined the solutions of the equation and the inequality
• clear explanations of your reasoning

Unit Problem Raising Money for the Pep Club

Reflect
How is solving a linear inequality like solving a linear equation?
How is it different? 
Include examples in your explanation.

on Your Learning
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312 Cumulative Review 

Cumulative Review Units 1–6

1. Which numbers are perfect squares?
Determine the square root of each perfect
square. Estimate the square root of each
non-perfect square.
a) 3.6 b) 0.81 c) 

d) 0.0004 e) f) 4.41

g) 2.56 h) 0.24

2. Simplify, then evaluate each expression.
a) (!8)4 " (!8)3 # (!8)6

b) (94 " 93)0

c) [(!2)5]3 ! [(!3)3]2

d) [(!4)1 $ (!4)2 ! (!4)3] "
(!4)5 # (!4)4

e) !(!3)2

3. Evaluate.

a) 1 $ b) !3 ! 7

c) (!1.3)(3.4) d) # 

e) !8.3 $ 6.7 " (!3.9)

f) 1 " 

g) [!7.2 ! (!9.1)] # 0.5 $ (!0.8) 

4. The pattern in this table continues.

a) Describe the patterns in the table.
b) Write an equation that relates v to n.

c) Verify the equation by substituting values
from the table.

d) Determine the value of the 24th term.
e) Which term number has a value of 233?

5. a) Create a table of values for the linear
relation y % 3x ! 2.

b) Describe the patterns in the table.
c) Graph the data.

6. a) Does each equation describe a vertical
line, a horizontal line, or an oblique line?
How do you know?

i) 2x % 5 
ii) y $ 2 % !1

iii) x $ y % 3
b) Graph each line in part a.

Explain your work.

7. Match each equation with a graph below.
Justify your answers.

c a!1
3
b $ 1

4
d1

2

a!52
5

 ba!2 1
10

 b
3
4

2
5

a!41
6

 b5
8

35

32

224
9

16
25

1

2

3

–6

2
–2

–4

2

Graph A

4 6
x

y

0
2

4

Graph B

–2 2 4
x

y

0

4

2

Graph C

2 4
x

y

0

4

a) x $ 2y % 5 b) 2x $ y % 5 c) 2x ! y % 5

Term Number, n Term Value, v

1 5

2 7

3 9

4 11
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Units 1–6 313

8. Carl is cycling across Canada. This graph
shows the distance he covers in 10 days.

a) Estimate how many days it will take Carl
to cycle 700 km.

b) Predict how far Carl will cycle in 13 days.

9. Name the coefficients, variable, and degree
of each polynomial. Identify the constant
term if there is one.
a) 3x ! 6 b) 4n2 ! 2n " 5
c) 19 d) !a2 " 7 ! 21a

10. Simplify each polynomial.
a) 2a ! 4 ! 9a " 5
b) 3y ! 2y2 " 4 ! y " 3y2 ! 8
c) 9c ! 4cd " d ! 6cd " 4 ! 7c
d) 4m2 ! 3n2 " 2m ! 3n " 2m2 " n2

11. Add or subtract the polynomials.
a) (3s2 ! 2s " 6) " (7s2 ! 4s ! 3)
b) (8x2 ! 5x " 2) ! (5x2 " 3x ! 4)
c) (9t ! 4 " t2) " (6 ! 2t2 " 5t)
d) (1 " 4n ! n2) ! (3n ! 2n2 " 7)
e) (6y2 " 3xy ! 2x2 " 1) "

(3x2 ! 2y2 ! 8 " 6xy)
f) (8a ! 6b ! 3a2 ! 2ab) !

(4b2 ! 7ab " 9b ! 6)

12. Determine each product or quotient.
a) 9(3s2 ! 7s " 4)

b)

c) 7m(3m − 9)
d) (!12d2 " 18d) # (!6d)

13. Solve each equation. Verify the solution.
a) 9x $ 7.2 b) !2.7 $

c) 6.5s ! 2.7 $ !30 d) ! 0.2 $ 5.8

e) 6(n ! 8.2) $ !18.6 f) !8 $ , c ! 0

g) 22 ! 7d $ !8 ! 2d

h) 3.8v ! 17.84 $ 4.2v

i) 2(t ! 8) $ 4(2t ! 19)

j) (2r ! 4) $ (36 ! r)

14. a) Graph each inequality on a number 
line.
i) a % 3 ii) !4.5 & b

iii) c & ! iv) d ' 2

b) State whether !4 and 2 are possible
solutions for each inequality in part a.
Justify your answer.

15. Solve each inequality. Graph the solution.
Verify the solution.
a) x " 7 & 3 b) !3x ( 6
c) b ! 4.8 ' !1.5 d) " 2 % !7

e) 7m " 23 % 6m ! 15

f) 6.5 ! 0.2t ( 8
g) !5(4 ! 0.8s) ' 3(19 ! s)

16. Daphne will sell her video game system 
for $140 to Surinder. She also offers to 
sell him video games for $15 each.
Surinder has saved $210 in total. How
many video games can Surinder buy 
from Daphne?
a) Write an inequality to solve this 

problem.
b) Solve the inequality. Verify the 

solution.

n
!8

1
3

7
4

1
5

3
4

7
c

c
4

a
4

35 ! 49w2 ! 56w
!7

6

1200

800

400

Carl’s Bike Trip

Time (days)

Di
st

an
ce

 (k
m

)

2 108640

5
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314

Here are some flags of different
countries and Canadian provinces.
Some of these flags have line
symmetry.
Picture each flag lying on your
desk.
Which flags have a line of
symmetry that is:
• vertical? 
• horizontal? 
• oblique?
Identify any flag that has more
than one line of symmetry.
Which flag has the most lines 
of symmetry?

What 
You’ll Learn

• Draw and interpret scale 
diagrams.

• Apply properties of similar polygons.
• Identify and describe line symmetry 
and rotational symmetry.

Why It’s 
Important
Architects, engineers, designers,
and surveyors use similarity and scale
diagrams routinely in their work.
Symmetry can be seen in art and nature.
An understanding of symmetry helps us to
appreciate and find out more about our
world, and to create works of art.
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Key Words
• scale diagram
• corresponding lengths 
• scale factor
• proportion
• similar polygons
• corresponding angles
• corresponding sides
• rotational symmetry
• order of rotation
• angle of rotation

symmetry 
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316 UNIT 7: Similarity and Transformations

What Should I Recall?

Suppose I have to solve this problem:
Determine the unknown measures of the angles and sides in ∆ABC.
The given measures are rounded to the nearest whole number.

I think of what I already know 
about triangles.
I see that AB and AC have the 
same hatch marks; this means 
the sides are equal.
AC ! AB 
So, AC ! 5 cm

I know that a triangle with 2 equal sides 
is an isosceles triangle.
So, ∆ABC is isosceles.
An isosceles triangle has 2 equal angles 
that are formed where the 
equal sides intersect the third side.
I use 3 letters to describe an angle.
So, !ACD ! !ABD

! 37°

Since ∆ABC is isosceles, the height AD 
is the perpendicular bisector of
the base BC.
So, BD ! DC and !ADB ! 90°
I can use the Pythagorean Theorem in 
∆ABD to calculate the length of BD.

AD2 " BD2 ! AB2

32 " BD2 ! 52

9 " BD2 ! 25
9 # 9 " BD2 ! 25 # 9 

BD2 ! 16
BD !
BD ! 4

216

3 cm
5 cm

A

B D C
37°

3 cm
5 cm 5 cm

A

B D C
37° 37°

3 cm
5 cm 5 cm

A

B D C
37° 37°
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Start Where You Are 317

BD ! 4 cm
So, BC ! 2 " 4 cm

! 8 cm

I know that the sum of the angles in a triangle is 180°.
So, I can calculate the measure of !BAC.
!BAC # !ACD # !ABD ! 180°

!BAC # 37° # 37° ! 180°
!BAC # 74° ! 180°

!BAC # 74° $ 74° ! 180° $ 74°
!BAC ! 106°

My friend Janelle showed me a different way to calculate.
She recalled that the line AD is a line of symmetry for an isosceles triangle.
So, ∆ABD is congruent to ∆ACD.
This means that !BAD ! !CAD
Janelle calculated the measure of !BAD in ∆ABD.

!BAD # 37° # 90° ! 180°
!BAD # 127° ! 180°

!BAD # 127° $ 127° ! 180° $ 127°
!BAD ! 53°

Then, !BAC ! 2 " 53°
! 106°

Check
1. Calculate the measure of each angle.

a) !ACB b) !GEF and !GFE c) !HJK and !KHJ

5 cm 5 cm

A

B D C
37° 37°

8 cm

106°

28°

76°

A

B C

36°

E F

G

36°K

H

J

3 cm
5 cm 5 cm

A

B D C
37° 37°

8 cm
4 cm4 cm
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318 UNIT 7: Similarity and Transformations

7.1 Scale Diagrams and 
Enlargements

FOCUS
• Draw and interpret

scale diagrams that
represent
enlargements.

You will need 0.5-cm grid paper.
Here is an actual size drawing of a memory card for a digital camera 
and an enlargement of the drawing.

➤ Copy the drawings on grid paper.
Measure the lengths of pairs of matching sides on the drawings.
Label each drawing with these measurements.

➤ For each measurement, write the fraction:
Write each fraction as a decimal.
What do you notice about these numbers?

Length on enlargement

Length on actual size drawing

How are these photos alike? 
How are they different?

Investigate

Actual Size

Enlargement

2
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A diagram that is an enlargement or a 
reduction of another diagram is called 
a scale diagram.
Here is letter F and a scale diagram of it.

Compare the matching lengths in the scale diagram and in the original diagram.

! 

! 2.5

! 

! 2.5

Each length on the original diagram is multiplied by 2.5 to get the matching length
on the scale diagram. Matching lengths on the original diagram and the scale
diagram are called corresponding lengths.

The fraction is called the scale factor of

the scale diagram.
A scale factor can be expressed as a fraction or as a decimal.
For the diagram above, the scale factor is , or 2.5.
Pairs of corresponding lengths have the same scale factor, so we say that 
corresponding lengths are proportional.
Each segment of the enlargement is longer than the corresponding segment on the  
original diagram, so the scale factor is greater than 1.

5 
2 

Length on scale diagram

Length on original diagram 

2.5 cm
1 cm

Length of  horizontal segment on scale diagram

Length of horizontal segment on original diagram

5 cm
2 cm

Length of vertical segment on the scale diagram

Length of vertical segment on the original diagram

7.1 Scale Diagrams and Enlargements 319

Connect

Compare your numbers with those of another pair of students.
Work together to draw a different enlargement of the memory card.

Determine the fraction for this 

new enlargement.

Length on enlargement

Length on actual size drawing

Reflect
Share &

This equation is called a proportion because it
is a statement that two ratios are equal.

2.5 cm1 cm

Scale diagram

Original
diagram

5 cm

2 cm
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320 UNIT 7: Similarity and Transformations

Example 1 Using Corresponding Lengths to Determine the Scale Factor

This drawing of a mosquito was printed 
in a newspaper article about the West Nile Virus.
The actual length of the mosquito is 12 mm.
Determine the scale factor of the diagram.

A Solution

Measure the length on the scale drawing of the mosquito,
to the nearest millimetre.
The length is 4.5 cm, which is 45 mm.

The scale factor is: ! 

! 3.75
The scale factor is 3.75.

45 mm
12 mm

Length on scale diagram

Length of mosquito

Example 2 Using a Scale Factor to Determine Dimensions

This photo of longhouses has dimensions 9 cm by 6 cm.
The photo is to be enlarged by a scale factor of .
Calculate the dimensions of the enlargement.

7 
2 

To calculate the scale
factor, the units of length
must be the same.

!

length
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7.1 Scale Diagrams and Enlargements 321

Method 1

Use mental math.
Length of enlargement: ! 9 cm "

" 31.5 cm

Width of enlargement: ! 6 cm "

" 21 cm
The dimensions of the enlargement are 
31.5 cm by 21 cm.

Method 2

Use a calculator.
Write as 3.5.

Length of enlargement: 3.5 ! 9 cm " 31.5 cm
Width of enlargement: 3.5 ! 6 cm " 21 cm
The dimensions of the enlargement are 
31.5 cm by 21 cm.

7 
2 

7 ! 6 cm
2

7 
2 

7 ! 9 cm
2

7 
2 

Solutions

To determine a length on the scale diagram, multiply the corresponding length on the
original diagram by the scale factor.

Example 3 Drawing a Scale Diagram that Is an Enlargement

Draw a scale diagram of this metal bracket. Use a scale factor of 1.5.

Solutions

Method 1

Use a photocopier. Write the scale factor 1.5 as a percent: 150%
Set the zoom feature on the photocopier to 150%. Copy the diagram.

!

!
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322 UNIT 7: Similarity and Transformations

Discuss
the ideas

1. Explain what is meant by the term “scale factor” for a 
scale diagram.

2. When you calculate a scale factor, why is it important to have 
the same units for the lengths on the original diagram and the 
scale diagram?

3. Suppose you are given two diagrams. How can you tell if one
diagram is a scale drawing of the other diagram?

Method 2

Measure the length of each line segment in the given diagram.
Determine the length of each line segment in the scale diagram 
by multiplying each length on the original diagram by 1.5.

1.5 ! 3 cm " 4.5 cm
1.5 ! 2 cm " 3 cm
1.5 ! 1 cm " 1.5 cm

Use a ruler and a protractor to draw a scale diagram with the new lengths above.
The angles in the scale diagram match the angles in the given diagram.

2 cm

2 cm
3 cm

1 cm

1 cm

3 cm

1.5 cm

1.5 cm

3 cm

4.5 cm

4.5 cm

3 cm
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7.1 Scale Diagrams and Enlargements 323

Check
4. Determine the scale factor for each 

scale diagram.
a)

b)

5. Scale diagrams of different squares are to be
drawn. The side length of each original
square and the scale factor are given.
Determine the side length of each 
scale diagram.

Apply
6. A photo of a surfboard has dimensions 

17.5 cm by 12.5 cm. Enlargements are to be
made with each scale factor below.
Determine the dimensions of each
enlargement. Round the answers to the
nearest centimetre.
a) scale factor 12 b) scale factor 20
c) scale factor d) scale factor 

7. Here is a scale diagram of a salmon fry. The
actual length of the salmon fry is 30 mm.
Measure the length on the diagram to the
nearest millimetre. Determine the scale
factor for the scale diagram.

8. The head of a pin 
has diameter 2 mm.
Determine the 
scale factor of this 
photo of the 
pinhead.

9. This view of the head of a bolt has the shape
of a regular hexagon. Each angle is 120°. Use
a protractor and ruler to draw a scale
diagram of the bolt with scale factor 2.5.

17
4

7
2

Practice

Side length of Scale factor
original square

a) 12 cm 3

b) 82 mm

c) 1.55 cm 4.2

d) 45 mm 3.8

e) 0.8 cm 12.5

Original
diagram

Scale diagram

Original
diagram

Scale diagram

length

diameter

5
2
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10. Draw your initials on 0.5-cm grid paper.
Use different-sized grid paper to draw two
different scale diagrams of your initials. For
each scale diagram, state the scale factor.

11. Assessment Focus For each set of diagrams
below, identify which of diagrams A, B, C,
and D are scale diagrams of the shaded
shape. For each scale diagram you identify:

i) State the scale factor.
ii) Explain how it is a scale diagram.

a)

b)

12. One frame of a film in a projector is about
50 mm high. The film is projected onto a
giant screen. The image of the film frame is
16 m high.
a) What is the scale factor of this

enlargement?
b) A penguin is 35 mm high on the film.

How high is the penguin on the screen?

13. Look in a newspaper, magazine, or on the
Internet. Find an example of a scale diagram
that is an enlargement and has its scale factor
given. What does the scale factor indicate
about the original diagram or object? 

14. Draw a scale diagram of the shape below
with scale factor 2.5.

15. On a grid, draw !OAB with vertices O(0, 0),
A(0, 3), and B(4, 0).
a) Draw a scale diagram of !OAB with scale

factor 3 and one vertex at C(3, 3). Write
the coordinates of the new vertices.

b) Is there more than one answer for part a?
If your answer is no, explain why no other
diagrams are possible. If your answer is
yes, draw other possible scale diagrams.

Take It Further
16. One micron is one-millionth of a metre, or

1 m " 106 microns.
a) A human hair is about 200 microns wide.

How wide is a scale drawing of a human
hair with scale factor 400? Give your answer
in as many different units as you can.

b) A computer chip is about 4 microns
wide. A scale diagram of a computer chip
is 5 cm wide. What is the scale factor? 

324 UNIT 7: Similarity and Transformations

Reflect

Suppose you are given a scale diagram. Why is it important to know the scale factor?

D

C

B
A

C

B

A

D
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7.2 Scale Diagrams and Reductions

FOCUS
• Draw and interpret

scale diagrams that
represent reductions.

You will need 2-cm grid paper and 0.5-cm grid paper.
➤ Trace your hand on the 2-cm grid paper. Copy this outline of your hand onto the 0.5-cm 

grid paper. Be as accurate as you can.
➤ On both drawings, measure and label the length of each finger.

For each finger, determine the fraction:

Write each fraction as a decimal to the nearest hundredth.
What do you notice about the decimals?

Length on 0.5-cm grid paper

Length on 2-cm grid paper

Investigate 2

Compare your answers with those of another pair of classmates.
Are the numbers the same? Should they be the same? Explain.
How does this work relate to the scale diagrams of the previous lesson?

Reflect
Share &

Here is a map of Victoria Island from the Internet.
What is the scale on the map? How is the scale used? 

7.2 Scale Diagrams and Reductions  325

HolmanHolmanHolman

KugluktukKugluktukKugluktuk

Cambridge BayCambridge BayCambridge Bay

Victoria IslandVictoria Island

989898

979797

878787

777777

888888
787878 686868

676767

666666
767676

868686

0 100 200 300 400 km
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A scale diagram can be smaller than the 
original diagram. This type of scale 
diagram is called a reduction.

Here is a life-size drawing of a button and 
a scale diagram that is a reduction.

We measure and compare corresponding lengths in the scale diagram and in the
original diagram.

! ! 

! ! 

! 

The fraction is the scale factor of the scale diagram.

Pairs of corresponding lengths are proportional, and the scale factor is .

The equation ! is a proportion.

Each side of the reduction is shorter than the corresponding side on the original

diagram, so the scale factor is less than 1.

2
3

Length on scale diagram

Length on original diagram

2
3

Length on scale diagram

Length on original diagram

2
3

0.4
0.6

2
3

0.4 cm
0.6 cm

Height of heart on scale diagram

Height of heart on original diagram
2 cm
3 cm

Diameter of scale diagram

Diameter of original diagram

Connect

Draw a scale diagram of this octagon.
Use a scale factor of 0.25.

Example 1 Drawing a Scale Diagram that Is a Reduction

Write an equivalent
fraction.

 326 UNIT 7: Similarity and Transformations

Original diagram

Scale diagram

WNCP9_SE_U7_325-333.qxd  5/29/09  3:26 PM  Page  326



Method 1

Measure the length of each line segment in the octagon.

Determine the length of each line segment in the scale diagram 
by multiplying each length by 0.25.
0.25 ! 2 cm " 0.5 cm
0.25 ! 4 cm " 1 cm
0.25 ! 6 cm " 1.5 cm

Use a ruler and protractor to draw a scale diagram 
with the new lengths above.
The angles in the scale diagram match the angles 
in the original diagram.

Method 2

Use a photocopier.
Write the scale factor 0.25 as a percent: 25%
Set the zoom feature on the photocopier to 25%.
Copy the diagram.

7.2 Scale Diagrams and Reductions  327

Solutions

A scale may be given as a ratio. For example, suppose the scale on a 
scale diagram of a house is 1:150. This means that 1 cm on the 
diagram represents 150 cm, or 1.5 m on the house.

!

6 cm

6 cm

6 cm

2 cm

2 cm

2 cm

4 cm

4 cm

0.5 cm

1.5 cm

1 cm
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Example 2 Using a Scale on a Scale Diagram to Determine Lengths

Here is a scale diagram of the top view of a truck.

The length of the truck is 4 m.
a) The front and back wheels of the truck are 3.85 m apart.

How far apart should the wheels be on the scale diagram?
b) What is the width of the truck?

A Solution

The scale is 1:50. This means that 1 cm on the diagram represents 50 cm on the truck.
So, the scale factor is .
a) The front and back wheels of the truck are 3.85 m apart.

Each distance on the scale diagram is of its distance on the truck.

So, on the scale diagram, the distance between the wheels is:

! 3.85 m "

" 0.077 m
Convert this length to centimetres: 0.077 m " 0.077 ! 100 cm, or 7.7 cm
On the scale diagram, the wheels are 7.7 cm apart.

b) Measure the width of the truck on the scale diagram.
The width is 3.2 cm.
Each actual measure is 50 times as great as the measure on the scale diagram.
So, the actual width of the truck is: 50 ! 3.2 cm " 160 cm
The truck is 160 cm wide; that is 1.6 m wide.

3.85 m
50

1
50

1
50

1
50

Discuss
the ideas

1. What is a reduction? How is it like an enlargement? 
How is it different?

2. What is a proportion? When can it be used to solve a problem
involving reductions?

3. How can you tell whether a scale diagram is an enlargement or 
a reduction?

!

Scale 1:50
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Check
4. Write each fraction in simplest form, then

express it as a decimal.

a) b) c) d)  

5. Determine the scale factor for each
reduction as a fraction or a decimal.
a)

b)

6. For each pair of circles, the original 
diameter and the diameter of the reduction
are given. Determine each scale factor as a
fraction or a decimal.

Apply
7. Here are two drawings of a dog. Determine

the scale factor of the reduction as a fraction
and as a decimal.

8. Which of rectangles A, B, and C is a
reduction of the large rectangle? 
Justify your answer.

9. Which two polygons have pairs of
corresponding lengths that are proportional?
Identify the scale factor for the reduction.

3
180

2
1000

5
125

25
1000

Practice

Original

Reduction

A B C

A

B

C

3 cm

Reduction
Original

4 cm

Diameter of Diameter of  
Actual Circle Reduction

a) 50 cm 30 cm

b) 30 cm 20 cm

c) 126 cm 34 cm

d) 5 m 2 cm

e) 4 km 300 m
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10. Which two polygons have pairs of
corresponding lengths that are proportional?
Identify the scale factor for the reduction.

11. A reduction of each object is to be drawn
with the given scale factor. Determine the
corresponding length in centimetres on the
scale diagram.
a) A desk has length 75 cm.

The scale factor is .

b) A bicycle has a wheel with diameter

about 60 cm. The scale factor is .
c) A surfboard has length 200 cm.

The scale factor is 0.05.
d) A sailboat has length 8 m.

The scale factor is 0.02.
e) A canyon has length 12 km.

The scale factor is 0.000 04.

12. Copy each diagram on 1-cm grid paper.
Draw a reduction of each diagram with the
given scale factor.
a) scale factor 

b) scale factor 

13. Here is a scale diagram of an outdoor
hockey rink. The rink is 32 m long.

a) Each hockey net is 1.82 m long. Suppose
you had to include the hockey nets on the
scale diagram. How long would each
hockey net be on the diagram?

b) What is the width of the rink?

14. A volleyball court measures approximately
18 m by 9 m. Make a scale drawing of the
court using a scale factor of . Show any
calculations you made.

15. A lacrosse field measures 99 m by 54 m.
Make a scale drawing of the field using a
scale factor of 0.002. Show any calculations
you made.

16. Your teacher will give you the dimensions of
your classroom. Choose a scale factor and
justify its choice. Draw a scale diagram of
your classroom. Include as much detail as
possible.

1
200

2
3

3
4

3
50

1
3

A

B

C

Scale 1:400

WNCP9_SE_U7_325-333.qxd  5/29/09  3:26 PM  Page  330



7.2 Scale Diagrams and Reductions  331

17. Assessment Focus Draw a scale diagram of
any room in your home. Show as much
detail as possible by including items in the
room. Show any calculations you make and
record the scale factor.

18. Look in a newspaper, magazine, or on the
Internet. Find an example of a scale diagram
that is a reduction and has its scale factor
given. What does the scale factor indicate
about the original diagram or object?

19. Ask your teacher for a scale diagram of the
room shown below. The length of the room
is 7.5 m.

a) Determine the scale factor.
b) What are the actual dimensions of:

i) the ping pong table?
ii) the pool table?

c) What is the actual size of the flat screen
television?

d) Moulding is to be placed around the
ceiling. It costs $4.99/m. How much will
the moulding cost?

20. A 747 jet airplane is about 70 m long.
A plastic model of this plane is 28 cm long.
a) Determine the scale factor of the model.
b) On the model, the wingspan is 24 cm.

What is the wingspan on the 747 plane?
c) On the model, the tail is 7.6 cm high. What

is the height of the tail on the 747 plane?

Take It Further
21. The approximate diameter of each planet in

our solar system is given below.
Earth: 12 760 km; Jupiter: 142 800 km;
Mars: 6790 km; Mercury: 4880 km;
Neptune: 49 500 km; Saturn: 120 600 km;
Uranus: 51 120 km; Venus: 12 100 km 
Create a scale drawing that includes all the
planets. Justify your choice of scale factor.
Label each planet with its actual diameter.

Reflect

A scale factor is the ratio of a length on a scale diagram to the actual length.
When you know two of these three values, how can you determine the third value?
Include an example in each case.

Window
Scale 1:50

Pool
Table

Flat Screen TV

Fireplace

Couch

Ping Pong Table

W
indowW

indow
D

oor
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FOCUS
•  Use different

technologies to produce
enlargements and
reductions.

Geometry software can be used to enlarge or reduce a shape.
Use available geometry software.

➤ Construct a rectangle. Select the rectangle.
Use the scale feature of the software to enlarge the 
rectangle.

The rectangle has been enlarged by a scale factor of
1.5, or 150%.

If you need 
help at any 
time, use the
software's Help
menu.
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➤ Construct a quadrilateral. Select the quadrilateral.
Use the scale feature to reduce the quadrilateral.

The quadrilateral has been reduced by a scale factor of , or 60%.

Check
1. Construct a shape. Choose an enlargement scale factor, then enlarge

your shape. Calculate the ratios of the corresponding sides of the
enlargement and the original shape. What can you say about the ratios?

2. Construct a shape. Choose a reduction scale factor, then reduce your
shape. Calculate the ratios of the corresponding sides of the reduction
and the original shape. What can you say about the ratios?

3. Print the diagrams of the enlargement and reduction. Trade diagrams
with a classmate. Identify the scale factor for each of your classmate’s
scale diagrams.

4. Try these other ways of enlarging and reducing a shape:
• an overhead projector
• a photocopier
• a Draw tool in a software 

program

3
5
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7.3 Similar Polygons

Investigate

FOCUS
• Recognize and draw

similar polygons, then
use their properties to
solve problems.

You will need 0.5-cm grid paper, 2-cm grid paper,
a ruler, and a protractor.

➤ Choose a scale factor. Draw an enlargement of
quadrilateral ABCD.
Label the new quadrilateral A!B!C!D!.
Measure the side lengths to the nearest millimetre 
and the angles to the nearest degree.
Copy and complete this table:

➤ Choose a scale factor. Draw a reduction of quadrilateral ABCD.
Label the new quadrilateral A"B"C"D". Copy and complete this table:

Which pair of polygons below show an enlargement or a reduction? 
Explain your choice.

2

Lengths of AB A!B! BC B!C! CD C!D! DA D!A!
Sides (mm)

Measures !A !A! !B !B! !C !C! !D !D!
of Angles (°)

Lengths of AB A"B" BC B"C" CD C"D" DA D"A"
Sides (mm)

Measures !A !A" !B !B" !C !C" !D !D"
of Angles (°)

A
B

C

A

B C

D
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➤ Copy the table below. Use your results from the first 2 tables to complete this table.
Write the ratios of the lengths of the sides as decimals to the nearest hundredth.

➤ What do you notice about the measures of the matching angles?
What do you notice about the ratios of matching sides?

Compare your results with those of another pair of students.
Work together to draw two other quadrilaterals that have sides and angles
related the same way as your quadrilaterals.
How does this work relate to scale drawings that show enlargements 
and reductions?

Reflect
Share &

When one polygon is an enlargement or a reduction of another polygon, we say the 
polygons are similar. Similar polygons have the same shape, but not necessarily the 
same size.

Here are two similar pentagons.

Matching angles are corresponding angles.
Matching sides are corresponding sides.
We list the corresponding angles and the pairs of corresponding sides.

Connect

R

S

2 cm
2.5 cm

2.5 cm
1.5 cm

3 cm

3.75 cm

2.25 cm

3 cm
3.75 cm

4.5 cm

110°

110°

154°

154°96°

96°

90°90° 90° 90°
P T

Q

P! T!

R!

S!

Q!

DA
D"A"

CD
C"D"

BC
B"C"

AB
A"B"

DA
D!A!

CD
C!D!

BC
B!C!

AB
A!B!
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In similar polygons:
• pairs of corresponding sides have lengths in the same ratio; that is,

the lengths are proportional, and
• the corresponding angles are equal
Pentagon P!Q!R!S!T! is an enlargement of pentagon PQRST with a scale factor of ,

or 1.5. Or, we can think of pentagon PQRST as a reduction of pentagon P!Q!R!S!T!

with a scale factor of .

We say: pentagon PQRST is similar to P!Q!R!S!T!.
We write: pentagon PQRST ! pentagon P!Q!R!S!T!

2
3

3
2

◗ Properties of Similar Polygons
When two polygons are similar:
• their corresponding angles are equal, and
• their corresponding sides are proportional.
It is also true that if two polygons have these properties, then the polygons are similar.
Quadrilateral ABCD ! quadrilateral PQRS

" " " DA
SP

CD
RS

BC
QR

AB
PQ

∗ ∗

A

B

1.5 cm

2.0 cm

3.0 cm

3.0 cm

2.1 cm

2.8 cm

4.2 cm

4.2 cm
C

D

P

Q

R

S

Corresponding Sides Corresponding Angles

PQ " 2 cm P!Q! " 3 cm " " 1.5 !P " 90° !P! " 90°

QR " 1.5 cm Q!R! " 2.25 cm " " 1.5 !Q " 154° !Q! " 154°

RS " 2.5 cm R!S! " 3.75 cm " " 1.5 !R " 96° !R! " 96°

ST " 2.5 cm S!T! " 3.75 cm " " 1.5 !S " 110° !S! " 110°

TP " 3 cm T!P! " 4.5 cm " " 1.5 !T " 90° !T! " 90°4.5
3

T!P!
TP

3.75
2.5

S!T!
ST

3.75
2.5

R!S!
RS

2.25
1.5

Q!R!
QR

3
2

P!Q!
PQ
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Example 1 Identifying Similar Polygons

Identify pairs of similar rectangles. Justify the answer.

A Solution

The measure of each angle in a rectangle is 90°.
So, for any two rectangles, their corresponding angles are equal.
For each pair of rectangles, determine the ratios of corresponding sides.
Since the opposite sides of a rectangle are equal, we only need to check the ratios 
of corresponding lengths and corresponding widths.

For rectangles ABCD and EFGH:

! !

! 1.011… ! 1.041
These numbers show that the corresponding sides are not proportional.
So, rectangles ABCD and EFGH are not similar.

For rectangles ABCD and JKMN:

! !

! 1.619… ! 1.
These numbers show that the corresponding sides are not proportional.
So, rectangles ABCD and JKMN are not similar.

For rectangles EFGH and JKMN:

! !

! 1.6 ! 1.6
These numbers show that the corresponding sides are proportional.
So, rectangles EFGH and JKMN are similar.

2.4
1.5

FG
KM

8.4
5.25

EF
JK

6

2.5
1.5

BC
KM

8.5
5.25

AB
JK

6

2.5
2.4

BC
FG

8.5
8.4

AB
EF

!

J

K M

N

E F

GH

A

5.25 cm

1.5 cm8.4 cm

2.4 cm

8.5 cm

2.5 cm

B

CD
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Example 2 Drawing a Polygon Similar to a Given Polygon

a) Draw a larger pentagon that is 
similar to this pentagon.

b) Draw a smaller pentagon that is 
similar to this pentagon.

Explain why the pentagons are similar.

A Solution

a) Draw an enlargement. Choose a scale factor greater than 1, such as 2.
Let the similar pentagon be A!B!C!D!E!.
Multiply each side length of ABCDE by 2 to get the 
corresponding side lengths of A!B!C!D!E!.
A!B! " 2 # AB B!C! " 2 # BC E!A! " 2 # EA

" 2 # 2.0 cm " 2 # 2.8 cm " 2 # 4.0 cm
" 4.0 cm " 5.6 cm " 8.0 cm

Since DE " AB, Since CD " BC,
then D!E! " A!B! then C!D! " B!C!

" 4.0 cm " 5.6 cm
The corresponding angles are equal. So:
!A! " !A !B! " !B

" 90° " 135°
!C! " !C !D! " !D

" 90° " 135°
!E! " !E

" 90°

Use a ruler and protractor to draw 
pentagon A!B!C!D!E!.
The pentagons are similar because 
corresponding angles are equal 
and corresponding sides are 
proportional. That is, the length of
each side of the enlargement is 
2 times the length of the 
corresponding side of the 
original pentagon.

!

A

B

C

D

E

2.8 cm 2.8 cm

2.0 cm2.0 cm

4.0 cm

135° 135°

5.6 cm 5.6 cm

4.0 cm4.0 cm

8.0 cm

135° 135°

A!

B!

C!

D!

E!
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b) Draw a reduction. Choose a scale factor that is less than 1, such as .
Let the similar pentagon be A!B!C!D!E!.
Multiply each side length of ABCDE by to get the corresponding side

lengths of A!B!C!D!E!.
A!B! " # AB B!C! " # BC E!A! " # EA

" # 2.0 cm " # 2.8 cm " # 4.0 cm

" 1.0 cm " 1.4 cm " 2.0 cm
Since DE " AB, Since CD " BC,

then D!E! " A!B! then C!D! " B!C!

" 1.0 cm " 1.4 cm
The corresponding angles are equal. So:
!A! " !A !B! " !B !C! " !C !D! " !D !E! " !E

" 90° " 135° " 90° " 135° " 90°

Use a ruler and protractor to draw pentagon A!B!C!D!E!.
The pentagons are similar because corresponding angles are equal 
and corresponding sides are proportional.
That is, the length of each side of the reduction is the length of
the corresponding side of the original pentagon.

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

Example 3 Solving Problems Using the Properties of Similar Polygons

These two octagonal 
garden plots are similar.
a) Calculate the length of GH.
b) Calculate the length of NP.

A Solution

a) To calculate GH, consider polygon ABCDEFGH as a reduction of
polygon IJKLMNPQ.

!

1.4 cm 1.4 cm

1.0 cm1.0 cm

2.0 cm

135° 135°

A!

B!

C!

D!

E!

A B

5.4 m

27.0 m

32.4 m

8.1 m

FE

I J NM

LK

PQ

DC

H G
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The scale factor of the reduction is the ratio of corresponding sides, such as:

!

Write a ratio of corresponding sides that includes GH.
GH corresponds to PQ, so a ratio is .

Substitute: PQ ! 32.4, then !

This ratio is equal to the scale factor.
Use the ratio and scale factor to write a proportion.

!

Solve the proportion to determine GH. Multiply each side by 32.4.

32.4 " ! 32.4 "

GH !

GH ! 21.6
GH is 21.6 m long.

b) To calculate NP, consider polygon IJKLMNPQ as an enlargement of polygon 
ABCDEFGH. The scale factor of the enlargement is the ratio of

corresponding sides, such as: !

Write a ratio of corresponding sides that includes NP.
NP corresponds to FG, so a ratio is . This ratio is equal to the scale factor.

Substitute: FG ! 27.0, then !

Write a proportion.

!

Solve the proportion to determine NP. Multiply each side by 27.0.

27.0 " ! 27.0 "

NP !

! 40.5
NP is 40.5 m long.

27.0 " 8.1
5.4

8.1
5.4

NP
27.0

8.1
5.4

NP
27.0

NP
27.0

NP
FG

NP
FG

8.1
5.4

IJ

AB

32.4 " 5.4
8.1

5.4
8.1

GH
32.4

5.4
8.1

GH
32.4

GH
32.4

GH
PQ

GH
PQ

5.4
8.1

AB
IJ

Discuss
the ideas

1. How is drawing a similar polygon like drawing a scale diagram? 

2. All rectangles have corresponding angles equal.
a) When would two rectangles be similar?
b) When would two rectangles not be similar?

3. How can you tell whether two polygons are similar? 
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Check
4. Calculate the side length, in units, in each

proportion.

a) ! b) !

c) ! d) !

5. Calculate the value of the variable in each
proportion.

a) ! b) !

c) ! d) !

6. Identify similar quadrilaterals. List their
corresponding sides and corresponding
angles.

7. Use grid paper. Construct a quadrilateral
similar to quadrilateral MNPQ.

8. Use isometric dot paper. Construct a
hexagon similar to hexagon ABCDEF.

Apply
9. Are any of these rectangles similar? 

Justify your answer.

10. For each polygon below:
i) Draw a similar larger polygon.
ii) Draw a similar smaller polygon.
Explain how you know the polygons are
similar.
a) b)

1.8
24

a
0.7

0.8
1.2

z
12.5

23.7
15.8

y

21.4
7.5
1.5

x
2.5

24
30

DE
7

63
28

CD
4

12
15

BC
25

3
2

AB
8

Practice

A B I J

K
MN

VU

X W
E F

G
Q R

PQ
ST

H

LCD

M

N

Q

P

BA

C
F

E
D

I J

KM

E F

GH

A

4.8 m

1.6 m

7.5 m

2.5 m

5.4 m

1.9 m

B

CD
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11. Are the polygons in each pair similar?
Explain how you know.
a)

b)

12. Assessment Focus Use grid paper.
Construct rectangles with these dimensions:
3 units by 4 units, 6 units by 8 units,
9 units by 12 units, and 12 units by 
15 units
a) i) Which rectangle is not similar to the

other rectangles? 
Explain your reasoning.

ii) Draw two different rectangles that are
similar to this rectangle.
Show your work.

b) The diagonal of the smallest rectangle 
has length 5 units. Use proportions to
calculate the lengths of the diagonals 
of the other two similar rectangles.

13. A rectangular door has height 200 cm and
width 75 cm. It is similar to a door in a
doll’s house. The height of the doll’s house
door is 25 cm.
a) Sketch and label both doors.
b) Calculate the width of the doll’s house door.

14. Each side of pentagon B is twice as long as a
side of pentagon A.

Are the pentagons similar? Explain.

15. Use dot paper.
a) Draw two different:

i) equilateral triangles
ii) squares
iii) regular hexagons 

b) Are all regular polygons of the same type
similar? Justify your answer.

Take It Further
16. Are all circles similar? Justify your answer.

17. Draw two similar rectangles.
a) What is the ratio of their corresponding

sides?
b) What is the ratio of their areas?
c) How are the ratios in parts a and b related? 
d) Do you think the relationship in part c is

true for all similar shapes? 
Justify your answer.

Reflect

What is meant by the statement that two polygons are similar? 
How would you check whether two polygons are similar?

BA
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7.4 Similar Triangles

FOCUS
• Use the properties

of similar triangles
to solve problems.

You will need a ruler, compass, and protractor.
Each pair of students works with one of the three triangles below.

➤ Construct an enlargement of the triangle you chose. Label its vertices.
Construct a reduction of the triangle. Label its vertices.

➤ Measure and record the angles of all your triangles. What do you notice?
➤ Measure and record the ratios of the lengths of corresponding sides for:

• the original triangle and its enlargement
• the original triangle and its reduction
Write each ratio as a fraction, then as a decimal to the nearest tenth.
What do you notice about the decimals?

➤ What can you say about the triangles you worked with?

Compare your results with those of another group of classmates.
What do you need to know about two triangles to be able to identify
whether they are similar?

Reflect
Share &

Identify two triangles in this diagram.
How could you find out if they are 
similar? 

Investigate 6

P

Q
R

S

T

A
70°

50°

60°
B

C

D

E

F

2.5 cm

3.0 cm

2.0 cm

G

H J

2 cm

3 cm
50°
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When two polygons are similar:
• the measures of corresponding angles must be equal and
• the ratios of the lengths of corresponding sides must be equal.

A triangle is a special polygon. When we check whether two triangles are similar:
• the measures of corresponding angles must be equal; or
• the ratios of the lengths of corresponding sides must be equal 

These triangles are similar because:
!A ! !Q ! 75°
!B ! !R ! 62°
!C ! !P ! 43°
When we name two similar triangles,
we order the letters to match 
the corresponding angles.
We write: "ABC ! "QRP
Then we can identify corresponding sides:
AB corresponds to QR.
BC corresponds to RP.
AC corresponds to QP.

Connect

◗ Properties of Similar Triangles
To identify that ∆PQR and ∆STU are similar,
we only need to know that:
• !P ! !S and !Q ! !T and !R ! !U; or

• ! ! PR
SU

QR

TU

PQ

ST

Your World

Satellite imagery consists of photographs of Earth taken 
from space. The images are reductions of regions on 
Earth. The quality of an image depends upon the 
instrument used to obtain it and on the altitude of the 
satellite. The Landsat 7 satellite can create images of 
objects as small as 10 cm long.

to come <Catch: wncp9_u07_le02_p18 photo of

QuickBird satellite or Landsat 7 satellite>

P Q

R

S T

U

62°

43°

75°

Q

R

P

B A

C

43°

62° 75°
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Identify the similar triangles.
Justify your answer.

A Solution

Since we know the side lengths of the triangles,
we identify the corresponding sides.
In ∆PQR, from shortest to longest: PQ, PR, QR
In ∆STR, from shortest to longest: ST, TR, RS
Find out if the corresponding sides are proportional.

! ! 1.5

! ! 1.5

! ! 1.5

Since the corresponding sides are proportional, the triangles are similar.
P and T are the vertices where the two shorter sides in each triangle meet,
so !P corresponds to !T.
Similarly, !Q corresponds to !S and !TRS corresponds to !QRP.
So, ∆PQR ! ∆TSR

9.0
6.0

RS
QR

7.5
5.0

TR
PR

6.0
4.0

ST
PQ

Example 1 Using Corresponding Sides to Name Similar Triangles

In Example 1, we can say that ∆TSR is an enlargement of ∆PQR 
with a scale factor of 1.5.
Or, since 1.5 ! , we can also say that ∆PQR is a reduction of ∆TSR 

with a scale factor of .
We can use the properties of similar triangles to solve problems 
that involve scale diagrams.
These problems involve lengths that cannot be measured directly.

2
3

3
2

!

T
R

Q

P

S

6.0 m

9.0 m

7.5 m

6.0 m

5.0 m

4.0 m
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At a certain time of day,
a person who is 1.8 m tall 
has a shadow 1.3 m long.
At the same time, the shadow 
of a totem pole is 6 m long.
The sun’s rays intersect the 
ground at equal angles.
How tall is the totem pole,
to the nearest tenth 
of a metre?

A Solution

The sun’s rays form two triangles with the totem pole, the person,
and their shadows.
If we can show the triangles are similar, we can use a proportion to determine 
the height of the totem pole.
Assume both the totem pole and the person are perpendicular to the ground, so:
!B ! !Y ! 90°
The sun’s rays make equal angles with the ground, so: !C ! !Z
Since two pairs of corresponding angles are equal, the angles in the third pair must
also be equal because the sum of the angles in each triangle is 180°.
So, !A ! !X
Since 3 pairs of corresponding angles are equal, ∆ABC ! ∆XYZ 
So, ∆ABC is an enlargement of ∆XYZ with a scale factor of .
Write a proportion that includes the unknown height of the totem pole, AB.

! Substitute XY ! 1.8.

! To solve for AB, multiply each side by 1.8.

1.8 " ! " 1.8

AB !

" 8.308 
The height of the totem pole is about 8.3 m.

6 " 1.8
1.3

6
1.3

AB
1.8

6
1.3

AB
1.8

6
1.3

AB
XY

6
1.3

Example 2 Using Similar Triangles to Determine a Length

!

A 

C Y Z 
1.3 m 

6 m 

X 

B 

Sun’s rays

Sun’s rays

1.8 m 
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A surveyor wants to determine the width of a lake at two points on opposite sides 
of the lake. She measures distances and angles on land, then sketches this diagram.
How can the surveyor determine the length HN to the nearest metre?

A Solution

Identify the two triangles, then draw them separately.
Consider !HNJ and !PQJ. From the diagram:
!NHJ " !QPJ
!HNJ " !PQJ
!J is the common angle to both triangles.
Since 3 pairs of corresponding angles are equal,
!HNJ ! !PQJ
Two corresponding sides are:
HJ " 305 m # 210 m and PJ " 210 m

" 515 m
So, !HNJ is an enlargement of !PQJ 

with a scale factor of .

Write a proportion that includes 
the unknown length HN.

" Substitute PQ " 230.

" To solve for HN, multiply each side by 230.

230 $ " $ 230

HN " 

" 564.0476

The width of the lake, HN, is about 564 m.

515 $ 230 
210

515
210

HN
230

515
210

HN
230

515
210

HN
PQ

515
210

Example 3 Using Overlapping Similar Triangles to Determine a Length

!

H N

J

P Q

210 m

305 m

Lake

230 m

H N

J

515 m

J

P Q

210 m

230 m
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A surveyor used this scale diagram 
to determine the width of a river.
The measurements he made and 
the equal angles are shown.
What is the width, AB, to the 
nearest tenth of a metre?

A Solution

Consider !ABC and !EDC.
From the diagram:
!A " !E
!B " !D
!ACB " !ECD
Since 3 pairs of corresponding angles are equal, !ABC ! !EDC
Two corresponding sides are:
AC " 28.9 m and EC " 73.2 m
So, !ABC is a reduction of !EDC with a scale factor of .

Write a proportion that includes the unknown length AB.

" Substitute ED " 98.3.

" To solve for AB, multiply each side by 98.3.

98.3 # " # 98.3

AB " 

" 38.8097
The width of the river, AB, is about 38.8 m.

28.9 # 98.3
73.2

28.9
73.2

AB
98.3

28.9
73.2

AB
98.3

28.9
73.2

AB
ED

28.9
73.2

Example 1 Using Triangles Meeting at a Vertex to Determine a LengthExample 4

Discuss
the ideas

1. How can you tell that two triangles are similar?

2. When two triangles are similar, how do you identify the
corresponding sides?

3. Suppose you know that two triangles are similar. How do you write
the proportion to determine the length of an unknown side?

!
A 28.9 m 73.2 m

98.3 m

River

C E

B

D
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Check
4. Which triangles in each pair are similar?

How do you know?

a)

b)

c)

d)

5. In each diagram, identify two similar
triangles. Explain why they are similar.

a)

b)

c)

Apply
6. Determine the length of AB in each pair of

similar triangles.
a)

Practice

R

80°
80°

70°

70°

30°

30°

Q P H

M N

S

T U

G H

J

10

68

4

5

3

C

E

D
P

Q

R
60°

60°
70°

70°

S T

V

4

9 8
D

E F
5

42

J K

H
59°

59°

88°

88°

33°

33°

GF

B

E
C

12

10
6

5
6

3

D

A

R

Q

P

66°

66°

39°

NM

A

C

B D E

F

10
5 4

8

12
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b)

c)

7. Jaquie is 1.6 m tall. When her shadow is 
2.0 m long, the shadow of the school’s
flagpole is 16 m long. How tall is the
flagpole, to the nearest tenth of a metre?

8. Assessment Focus Work with a partner.
Use the method described in question 7.
Choose an object whose height you cannot
measure directly.
a) Draw a labelled diagram.
b) Indicate which triangles are similar.
c) Determine the height of the object.
Show your work.

9. Tina wants to estimate the heights of two
trees. For each tree, she stands so that one
end of her shadow coincides with one end
of the shadow of the tree. Tina’s friend
measures the lengths of her shadow and the
tree’s shadow. Tina is 1.7 m tall.

a) Tina’s shadow is 2.4 m and the first tree’s
shadow is 10.8 m. What is the height of
the tree?

b) Tina’s shadow is 0.8 m and the second
tree’s shadow is 12.8 m. What is the
height of the tree?

10. When the shadow of a building is 16 m
long, a 4-m fence post casts a shadow 
3 m long.
a) Sketch a diagram.
b) How tall is the building?

11. This scale diagram shows the measurements
a surveyor made to determine the length of
Lac Lalune. What is this length? 
How do you know?

A

J

B
15

20
12

F

G

B

7.5

7.5

2.5
2.0

2.5

A

C

D

E

16 m 2.0 m
1.6 m

Sun’s rays

Sun’s rays

1.7 m

Sun’s rays

Lac Lalune

140 m

40 m

30 m
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12. To help calculate the distance PQ across a
river, Emil drew the diagram below based
on measurements he made. What is the
distance across the river?

Take It Further
13. Phillipe places a mirror M on the ground

6.0 m from a tree. When he is 1.7 m from
the mirror, he can see the top of the tree in
the mirror. His eyes are 1.5 m above the
ground. The diagram below shows the equal
angles. How can you use similar triangles to
determine the height of the tree to the
nearest tenth of a metre?

14. The foot of a ladder is 3 m from the base 
of a wall. The ladder just touches the top of
a 1.4-m fence that is 2.4 m from the wall.
How high up the wall does the ladder reach?
How do you know?

15. In the diagram below, how high are the two
supports x and y for the conveyor belt?

Reflect

How do the properties of similar triangles help you to determine distances that cannot be
measured directly? Include an example in your explanation.

River

T S

R

P Q

15 m

110 m

20 m

1.5 m

1.7 m M 6.0 m

2.4 m

1.4 m

3.0 m

16 m
y

x

18 m15 m12 m
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Mid-Unit Review 

1. A photo of a gymnast is to be enlarged.
The dimensions of the photo are 15 cm by
10 cm. What are the dimensions of the
enlargement with a scale factor of ?

2. A computer chip has dimensions 15 mm by
8 mm. Here is a scale drawing of the chip.

a) Determine the scale factor of the diagram.
b) Draw a scale diagram of the chip with a

scale factor of 8.

3. a) Copy this polygon on 1-cm grid paper.

b) Draw a scale diagram of the polygon
with a scale factor of . Show any
calculations you made.

4. This top view of a swimming pool is drawn
on 0.5-cm grid paper. The dimensions of
the pool are 60 m by 40 m. Determine the
scale factor of the reduction as a fraction or
a decimal.

5. These quadrilaterals have corresponding
angles equal.

a) Are any of these quadrilaterals similar?
Justify your answer.

b) Choose one quadrilateral. Draw a similar
quadrilateral. How do you know the
quadrilaterals are similar?

6. A window has the shape of a hexagon.

Draw a hexagon that is similar to this
hexagon. Explain how you know the
hexagons are similar.

7. A tree casts a shadow 8 m long. At the same
time a 2-m wall casts a shadow 1.6 m long.
a) Sketch a diagram.
b) What is the height of the tree?

3
5

7
5

7.1

7.4

7.2

7.3

A

B

J K

N

M

C

D

F

E

GH

4.8

5.2
4.0

4.8

6.75

5.4

7.8

7.2

5.8

5.3

3.6

110°

110°

110°
70°

70°

70°

4.5
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7.5 Reflections and 
Line Symmetry

FOCUS
• Draw and classify

shapes with line
symmetry.

7.5 Reflections and Line Symmetry  353

Your teacher will give you a large copy of the shapes below.

Which shapes have the same number of lines of symmetry?
Sort the shapes according to the number of lines of symmetry they have.
Which shapes do not have line symmetry? How can you tell?

Investigate 2

Share your sorting with another pair of students.
Compare strategies for identifying the lines of symmetry.

Reflect
Share &

How can you use 
this photograph to 
show what you know 
about line symmetry? 

A B C D E F

G H JI K L
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The pentagon ABCDE has one line of symmetry AG,
because AG divides the pentagon ABCDE 
into two congruent parts:
polygon ABCG is congruent to polygon AEDG.

Also, each point on one side of the line of symmetry 
has a corresponding point on the other side of the line.
These two points are the same distance, or equidistant
from the line of symmetry:
points B and E correspond, BF ! FE, and BE ⊥ AG.

A line of symmetry is also called a line of reflection. If a mirror is placed along one
side of a shape, the reflection image and the original shape together form one larger
shape. The line of reflection is a line of symmetry of this larger shape.

Original shape Original shape and its reflection image

Connect

Example 1 Identifying Lines of Symmetry in Tessellations

Identify the lines of symmetry in each tessellation.

a) b)

A
Line of symmetry

B

C D

E
F

G

Line of symmetry
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A Solution

a) The red line is the line of symmetry b) This tessellation has 4 lines of
for this tessellation. Each point on one symmetry. For each line, a point 
side of the line has a corresponding point on one side of the line has a 
on the other side. The pattern on one side matching point on the other side.
of the line of symmetry is a mirror image And, the pattern on one side of the 
of the pattern on the other side. line is a mirror image of the pattern 

on the other side.

Identify the triangles that are related to the red triangle by a line of reflection.
Describe the position of each line of symmetry.

Two shapes may be related by a line of reflection.

Example 2 Identifying Shapes Related by a Line of Reflection

!

20

2

4

4 6
x

y

8

6

8

A

D

B

C
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We can use a coordinate grid to draw shapes and their reflection images.

Example 3 Completing a Shape Given its Line of Symmetry

Quadrilateral ABCD is part of a larger shape.
• Draw the image of ABCD after each reflection below.
• Write the coordinates of the larger shape 

formed by ABCD and its image.
• Describe the larger shape and its symmetry.
a) a reflection in the horizontal line through 2 on the y-axis
b) a reflection in the vertical line through 6 on the x-axis
c) a reflection in an oblique line through (0, 0) and (6, 6) 

A Solution

The red line is the line of reflection. Each image point is the same distance 
from this line as the corresponding original point.
a)

The larger shape ABCC!B! has coordinates: A(2, 2), B(4, 4), C(6, 4), C!(6, 0), B!(4, 0) 
This shape is a pentagon with line symmetry. The line of symmetry is the red line.

A Solution

Triangle A is the reflection image of
the red triangle in the blue line
through 5 on the x-axis.
Triangle B is the reflection image of
the red triangle in the red line 
through 3 on the y-axis.
Triangle C is not a reflection image of
the red triangle.
Triangle D is the reflection image of
the red triangle in the green line 
through the points (9, 1) and (1, 9).

Point Image

A(2, 2) A(2, 2)

B(4, 4) B!(4, 0)

C(6, 4) C!(6, 0)

D(6, 2) D(6, 2)

!

!

x

y

20

2

4

4 6 8

6

8

A

D

B

C

20

2

4

4 6
x

y

A D

B C

20

4

x

y

A D

B C

B! C!
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b)

The larger shape ABB!A! has coordinates: A(2, 2), B(4, 4), B!(8, 4), A!(10, 2) 
This shape is an isosceles trapezoid with line symmetry. The line of symmetry is the red line.

c)

The larger shape AD!C!BCD has coordinates: A(2, 2), D!(2, 6), C!(4, 6), B(4, 4), C(6, 4), D(6, 2) 
This shape is a concave hexagon with line symmetry. The line of symmetry is the red line.

Discuss
the ideas

1. How do you identify whether a shape has a line of symmetry?

2. How are a line of reflection and a line of symmetry related?

Check
3. You may have seen these hazardous

substance warning symbols in the science
lab. Which symbols have line symmetry?
How many lines of symmetry?
a) b)

c) d)

e) f)

Practice

Point Image

A(2, 2) A!(10, 2)

B(4, 4) B!(8, 4)

C(6, 4) C(6, 4)

D(6, 2) D(6, 2)

Point Image

A(2, 2) A(2, 2)

B(4, 4) B(4, 4)

C(6, 4) C!(4, 6)

D(6, 2) D!(2, 6)

20

2

4

4 8
x

y

10

A D

B B!C

A!

2

2

4

4 6
x

y

6

A D

B
C

D! C!
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Apply
4. Identify the lines of symmetry in each

tessellation.
a) b)

5. Copy each polygon on grid paper. It is 
one-half of a shape. Use the red line as a 
line of symmetry to complete the shape by
drawing its other half. Label the shape with
the coordinates of its vertices.
a)

b)

c)

6. State the number of lines of symmetry in
each design.
a) a tessellation created by M.C. Escher

b) a Haida button blanket

7. Assessment Focus
a) Draw a triangle on a grid.
b) Choose one side of the triangle as a line

of reflection.
i) Draw the reflection image.
ii) Label the vertices of the shape formed

by the original triangle and its image.
iii) Write the coordinates of each vertex.
iv) How many lines of symmetry does the

shape have?
c) Repeat part b for each of the other two

sides of the triangle. Do you always get
the same shape? Explain.

d) Repeat parts a to c for different types of
triangles.

e) Which types of triangle always produce a
shape that is a quadrilateral with line
symmetry? Justify your answer.

 358 UNIT 7: Similarity and Transformations

20

2

4

64
x

y

P

S

Q

R

20

2

4

6

4 6 8
x

y

C

F

D

E

0

–6

–4

–2

–2–6 –4 x

T
U

V

y
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8. Quadrilateral PQRS is part of a larger shape.

After each reflection below:
• Draw the image of PQRS.
• Write the coordinates of the larger shape

formed by PQRS and its image.
• Describe the larger shape and its

symmetry.
a) a reflection in the horizontal line through

4 on the y-axis
b) a reflection in the vertical line through 

8 on the x-axis
c) a reflection in the oblique line through

(1, 1) and (4, 4)

9. a) Graph these points on grid paper:
A(!3, 0), B(!1, 1), C(0, 3),
D(1, 1), E(3, 0).
Join the points to form polygon ABCDE.

b) Reflect the polygon in the x-axis. Draw
and label its image.

c) Write the coordinates of the shape
formed by the polygon and its image.

d) How many lines of symmetry does this
shape have? How do you know?

10. Identify the pentagons that are related to the
blue pentagon by a line of reflection.
Describe the position of each line of
symmetry.

Take It Further
11. a) On a grid, plot the points P(2, 2), Q(6, 2),

and R(4, 4). Join the points to form
"PQR.

b) Reflect "PQR in the line through the
points (0, 4) and (4, 0). Draw the
reflection image.

c) Reflect "PQR in the line through the
points (0, !4) and (4, 0). Draw the
reflection image.

d) Reflect "PQR in the x-axis. Draw the
reflection image.

e) Look at the shape formed by the triangle
and all its images. How many lines of
symmetry does this shape have?

Reflect

When you see two shapes on a grid, how can you tell if they are related by a 
line of reflection?
Include examples of shapes that are related and are not related this way.

20

2

4

4 86
x

y

S
R

P Q

20

2

4

6

8

10

4 86
x

y

D

C

B

A
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Make Your Own Kaleidoscope

You wil l  need
• 2 small rectangular

mirrors
• masking tape

The kaleidoscope was invented in 1816. It uses mirrors placed at 
different angles to produce patterns with symmetry.

To make a simple kaleidoscope, use masking tape to join two
mirrors so they stand at an angle.

Place your mirrors on the arms of each angle below.
Sketch and describe what you see.
Include any lines of symmetry in your sketch.

1. 2. 3.

4. 5. 6.

 360 UNIT 7: Similarity and Transformations
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7.6 Rotations and 
Rotational Symmetry

FOCUS
• Draw and classify

shapes with rotational
symmetry.

You will need a protractor, a sharp pencil, tracing paper, and grid paper or isometric dot paper.
➤ Each of you chooses one of these shapes and copies it on grid paper or dot paper.

➤ Trace your shape and place the tracing to coincide with the shape.
Place a pencil point on the red dot.
Rotate the tracing, counting the number of times the tracing 
coincides with the original shape, until you make a complete turn.

➤ Repeat the rotation. This time, measure and record the angle you turned the tracing 
through each time.

➤ Work together to draw a shape that coincides with itself 4 times as you rotate it.

Share your results with another group.
What is the relationship between the number of times the shape coincided
with itself and the angle you turned it through each time? 

Reflect
Share &

Look at these photographs.
How are the windmills the same?
How are they different? 

Investigate 3
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A tracing of this shape is rotated about its centre. We draw a line segment to help
identify the angle the shape turned through before it coincided with itself.

The shape coincided with itself 4 times in one complete turn;
that is, during a rotation of 360°.

A shape has rotational symmetry when it coincides with itself after 
a rotation of less than 360° about its centre.
The number of times the shape coincides with itself, during a rotation of 360°, is the 
order of rotation. The shape above has rotational symmetry of order 4.

For each match, the shape rotated through 90°.
We say the angle of rotation symmetry is 90°. This is .

A shape that requires a rotation of 360° to return to its original position does not 
have rotational symmetry. A shape cannot have rotational symmetry of order 1.

360°
4

Connect

Determine which hexagons below have rotational symmetry.
State the order of rotation and the angle of rotation symmetry.
a) b) c)

Example 1 Identifying Shapes with Rotational Symmetry

90°
180°

270° 360°

Original

Rotation 1 Rotation 2 Rotation 3 Rotation 4

Back at the start

In general, for rotational symmetry:
the angle of rotation symmetry ! 360°

the order of rotation
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A Solution

For each hexagon:
• Join one vertex to the red dot.
• Trace the hexagon.
• Rotate the tracing about the red dot and record the order of rotation.
• Calculate the angle of rotation symmetry.

a) The order of rotation is 3.
The angle of rotation symmetry is: ! 120°

b) The order of rotation is 2.
The angle of rotation symmetry is: ! 180°

c) This hexagon is rotated one complete turn 
before it coincides with itself.
It does not have rotational symmetry.

360°
2

360°
3

A rotation is another type of transformation.
We use a square grid to draw rotation images after a rotation 
of 90°, or any multiple of 90°, such as 180° and 270°.
We use isometric dot paper to draw rotation images after a rotation 
of 60°, or any multiple of 60°, such as 120° and 180°.

!

x

x

x

x

240°
120°

360°

x x x
180°

360°

x
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a) Rotate pentagon ABCDE b) Rotate trapezoid FGHJ 
90° clockwise about vertex E. 120° counterclockwise 
Draw the rotation image. about vertex F.

Draw the rotation image.

A Solution

Trace each shape and label the vertices on the tracing.
a) Rotate pentagon ABCDE 90° b) Rotate trapezoid FGHJ  

clockwise about E. Side ED 120° counterclockwise 
moves from being vertical to  about F. The angle between
being horizontal. FG and FG! is 120°.

Example 2 Drawing Rotation Images

a) Rotate rectangle ABCD:
i) 90° clockwise about vertex A 

ii) 180° clockwise about vertex A 
iii) 270° clockwise about vertex A
Draw and label each rotation image.

b) Look at the shape formed by the rectangle and all its images.
Identify any rotational symmetry in this shape.

Example 3 Identifying Symmetry after Rotations

!

A

B E

C D

F G

J H

A
90°

B
D!

C! B!

A!

C D

E F G
120°

J H

G! H!

J!

x

y

B

2

20

4

4
A

C D
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A Solution

a) Trace rectangle ABCD and label the vertices.
i) Rotate ABCD 90° clockwise about A.

Vertical side AD becomes horizontal side AG.
The rotation image is AEFG.

ii) Rotate ABCD 180° clockwise about A.
Vertical side AD becomes vertical side AK.
The rotation image is AHJK.

iii) Rotate ABCD 270° clockwise about A.
Vertical side AD becomes horizontal side AP.
The rotation image is AMNP.

b) The resulting shape BCDEFGHJKMNP has rotational symmetry of order 4 about point A.

Discuss
the ideas

1. How do you determine whether a shape has rotational symmetry?

2. How can you determine:
a) the order of rotational symmetry?
b) the angle of rotation symmetry? 

3. How is rotational symmetry related to rotation images?

Check
4. What is the angle of rotation symmetry 

for a shape with each order of
rotational symmetry?
a) 3 b) 5 c) 9 d) 12

5. What is the order of rotational symmetry
for each angle of rotation symmetry?
a) 60° b) 20° c) 45° d) 36°

6. What is the order of rotational symmetry
and angle of rotation symmetry for each
regular polygon?
a) an equilateral b) a regular pentagon

triangle

c) a square d) a regular octagon

Apply
7. Does each picture have rotational

symmetry? If it does, state the order and 
the angle of rotation symmetry.
a) b)

Practice

!

x

y

B

–2

2

0

4

7

A

C D
E F

G
H

JK
MN

P
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 366 UNIT 7: Similarity and Transformations

8. Does each shape have rotational symmetry
about the red dot? If it does, state the order
and the angle of rotation symmetry.
a) b)

9. Copy each shape on grid paper. Draw the
rotation image after each given rotation.
a) 90° clockwise b) 180° about M

about E

c) 270° counterclockwise about Y

10. Copy each shape on isometric dot paper.
Draw the rotation image after each given
rotation.
a) 60° clockwise about G

b) 120° counterclockwise about B

11. Identify and describe any rotational
symmetry in each design.
a)

b)

12. This octagon is part of a larger shape that is
to be completed by a rotation of 180° about
the origin.

a) On a coordinate grid, draw the octagon
and its image.

b) Outline the shape formed by the octagon
and its image. Describe any rotational
symmetry in this shape. Explain why you
think the symmetry occurred.

E

M

Y

G

B

–4 0

2

–2 42
x

y
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13. Assessment Focus Rotate each shape.
a) rectangle ABCD

i) 180° about vertex A
ii) 180° about centre E

b) square FGHJ counterclockwise through
i) 90° about vertex F

ii) 90° about centre K

c) equilateral triangle MNP 
clockwise through
i) 120° about vertex M

ii) 120° about centre Q

d) How are the images in each of parts a, b,
and c the same? How are they different?
Explain what you notice.

14. a) Rotate square PQRS clockwise about
vertex P through:
i) 90° ii) 180° iii) 270°
Draw and label each rotation image.

b) Outline the shape formed by the square
and all its images. Identify any rotational
symmetry. Explain what you notice.

15. Triangle ABC is part of a larger shape that is
to be completed by three rotations.
a) Rotate !ABC clockwise about vertex C

through: i) 90° ii) 180° iii) 270°
Draw and label each rotation image.

b) List the coordinates of the vertices of the
larger shape formed by the triangle and
its images. Describe any rotational
symmetry.

Take It Further
16. a) Draw a polygon on a coordinate grid.

Choose an angle of rotation and a centre 
of rotation to complete a larger polygon 
with order of rotation: i) 2 ii) 4
List the coordinates of the centre of rotation,
and the vertices of the larger polygon.

b) Draw a polygon on isometric dot paper.
Choose an angle of rotation and a centre
of rotation to complete a larger polygon
with order of rotation: i) 3 ii) 6

Reflect

How do you decide if a given shape has rotational symmetry?
If it does, how do you determine the order of rotation and the angle of rotation symmetry?
Include an example in your explanation.

E

DC

B A

K
HJ

F G

M

Q

N P

P Q

RS

–2
0

–2

y

x

x

B
A

C

3

30

y
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7.7 Identifying Types of Symmetry on the 
Cartesian Plane

FOCUS
• Identify and classify

line and rotational
symmetry.

What symmetry do you see in each picture? 

Compare the types of symmetry you found.
Did any grid show both rotational symmetry and line symmetry? 
Explain why both types of symmetry occurred.
Which grid showed only one type of symmetry? 

Reflect
Share &

You will need grid paper and tracing paper.
➤ Plot these points on a coordinate grid: A(1, 3), B(3, 1), and C(5, 5) 

Join the points to form !ABC.
➤ Each of you chooses one of these transformations:

• a translation 2 units right and 2 units down 
• a rotation of 180° about vertex C 
• a reflection in a line through AB 
Draw the image for the transformation you chose.
Record the coordinates of each vertex on the image.
On a separate piece of paper, record any symmetry in the triangle and its image.

➤ Trade grids with a member of your group.
Identify any symmetry in the triangle and its image.

Investigate 3
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7.7 Identifying Types of Symmetry on the Cartesian Plane 369

On this grid, rectangle A has been rotated 180° about 
E(!1, 2) to produce its image, rectangle B.
We can extend our meaning of line symmetry to relate 
the two rectangles.
The line through !1 on the x-axis is a line of symmetry 
for the two rectangles.
Each point on rectangle A has a corresponding point on 
rectangle B.
These points are equidistant from the line of symmetry.

When a shape and its transformation image are drawn,
the resulting diagram may show:
• no symmetry
• line symmetry 
• rotational symmetry
• both line symmetry and rotational symmetry

Connect

For each pair of rectangles ABCD and EFGH, determine whether they are 
related by symmetry.
a) b)

c)

Example 1 Determining whether Shapes Are Related by Symmetry

A E

–6 –4 –2 0

180°

2

5

4

B

y

x

0

2

4

2 4–2–4
x

y

A B

D C
E F

H G

6

4

2

–2–4–6–8 0

A B

CD

E F

H G

x

y

4

2

–2

–4

–3 0

y

x

A

B

D

C

E

F

H

G
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370 UNIT 7: Similarity and Transformations

A Solution

a) There is no line on which a mirror can be placed so 
that one rectangle is the reflection image of the other.
So, the rectangles are not related by line symmetry.
Trace the rectangles. Use guess and check 
to determine if a centre of rotation exists.
When ABCD is rotated 180° about the point S(0, 3),
ABCD coincides with GHEF.
So, the rectangles are related by rotational symmetry 
of order 2 about S(0, 3).

b) Each point on ABCD has a corresponding point on EFGH.
These points are equidistant from the x-axis.
So, the two rectangles are related by line symmetry;
the x-axis is the line of symmetry.
Trace the rectangles. Use guess and check to determine if
a centre of rotation exists.
When a tracing of ABCD is rotated 180° about the point P(!2.5, 0),
ABCD coincides with GHEF.
So, the two rectangles are related by rotational symmetry.

c) When ABCD is rotated 90° clockwise about 
point J(!5, 4), ABCD coincides with FGHE.
Then, the polygon formed by both rectangles 
together has rotational symmetry of order 4 
about point J. So, the two rectangles are 
related by rotational symmetry.

Draw the image of rectangle ABCD after each transformation.
Write the coordinates of each vertex and its image.
Identify and describe the type of symmetry that results.
a) a rotation of 180° about the origin
b) a reflection in the x-axis
c) a translation 4 units right and 1 unit down

Example 2 Identifying Symmetry in a Shape and Its Transformation Image

!

G

E

H

F
A

–4 –2

180°

2

4

420

B

D C S

y

x

4

2

–2

–4

0

y

x

A

B

D

C
P

E

F

H

G

180°

6

4
90°

J

2

–2–4–6–8 0

A B

CD

E F

H G

y

x

0 2

2
A B

D C

y

x
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7.7 Identifying Types of Symmetry on the Cartesian Plane 371

Solution

a) Use tracing paper to rotate ABCD 180° about the origin.

The octagon ABCD!A!B!C!D, formed by both rectangles together, has rotational
symmetry of order 2 about the origin, and no line symmetry.

b) Reflect ABCD in the x-axis.

The rectangle ABB!A!, formed by both rectangles, has rotational symmetry of order 2
about the point (1, 0). It also has 2 lines of symmetry: the x-axis and the vertical line
through 1 on the x-axis.

c) Translate ABCD 4 units right and 1 unit down.

The two rectangles do not form a shape; but they have a common vertex at C (or A!).
The two rectangles are related by rotational symmetry of order 2 about the point C(3, 0).
There is no line of symmetry relating the rectangles.

Point Image

A("1, 1) A!(1, "1)

B(3, 1) B!("3, "1)

C(3, 0) C!("3, 0)

D("1, 0) D!(1, 0)

Point Image

A("1, 1) A!("1, "1)

B(3, 1) B!(3, "1)

C(3, 0) C(3, 0)

D("1, 0) D("1, 0)

Point Image

A("1, 1) A!(3, 0)

B(3, 1) B!(7, 0)

C(3, 0) C!(7, "1)

D("1, 0) D!(3, "1)

!

In Example 2, we could write the translation 4 units right and 1 unit down 
in a shorter form as R4, D1. In this shorter form, a translation of 7 units left 
and 2 units up would be written as L7, U2.

0–2 2

2
A B
D

C

y

x

A!

D!

B!

C!
180°

22

22
A B

Rotational symmetry Line symmetry

D C

y

x

B!

A B
D C

y

x

B!A!A!

180°

0

2
A B
D C

y

x

C!

B!

D!

A!

180°

4
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372 UNIT 7: Similarity and Transformations

Draw the image of pentagon PQRST 
after each translation below.
Label the vertices of the pentagon and its image,
and list their coordinates.
If each diagram has symmetry, describe it.
If each diagram does not have symmetry,
explain how you know.
a) a translation L2 b) a translation L2, D3

A Solution

a) Translate each vertex of pentagon PQRST 2 units left.

The diagram has line symmetry because the vertical line 
through ST is a line of reflection.
The diagram does not have rotational symmetry because there is no point 
about which it can be rotated so that it coincides with itself.

b) Translate each vertex of pentagon PQRST 2 units left and 3 units down.

The diagram does not have line symmetry because 
there is no line on which a mirror can be placed so 
that one pentagon is the reflection image of the other.
The diagram does not have rotational symmetry 
because there is no point about which it can be 
rotated so that it coincides with itself.

Example 3 Identifying Symmetry in Shapes and their Translation Images

Point Image

P(!3, !2) P"(!5, !2)

Q(!2, !3) T(!4, !3)

R(!2, !5) S(!4, !5)

S(!4, !5) S"(!6, !5)

T(!4, !3) T"(!6, !3)

Point Image

P(!3, !2) P"(!5, !5)

Q(!2, !3) Q"(!4, !6)

R(!2, !5) R"(!4, !8)

S(!4, !5) S"(!6, !8)

T(!4, !3) T"(!6, !6)

!

y

x
0

–2

–4

–2
P

T Q

S R

–4

T

S

y

x
0

–2

–4

–2
P" P

Q

R

–6

T"

S"

y

x
0

–2

–8

–6

–4

–2

P"

P

T Q

S R

–6 –4

T"

S"

Q"

R"
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7.7 Identifying Types of Symmetry on the Cartesian Plane 373

Discuss
the ideas

1. How can you tell if two shapes are related by line symmetry?

2. How can you tell if two shapes are related by rotational
symmetry?

Check
3. Describe the rotational symmetry and line

symmetry of each shape.
a) a parallelogram b) a rhombus

c) an isosceles d) a kite
trapezoid

4. Describe the rotational symmetry and line
symmetry of each wheel cover. On a copy of
the wheel covers, mark the centre of rotation
and the line of reflection.
a) b)

c) d)

5. Describe the symmetry of each face of a die.
Copy each face. Mark the centre of rotation
and the lines of symmetry.

Apply
6. Look at the squares below.

Which of squares A, B, C, and D are related
to the red square:
a) by rotational symmetry about the origin?
b) by line symmetry? 

Practice

y

x
–4 –2 0

–2

–4

2

4

2

B
A

D C

4 6 8
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374 UNIT 7: Similarity and Transformations

7. For each diagram, determine whether the
two polygons are related by line symmetry,
by rotational symmetry about the origin, or
by both.
a) b)

c) d)

8. For each diagram, determine whether the
two octagons are related by line symmetry,
by rotational symmetry, by both types of
symmetry, or by neither.
a) b)

9. Triangle F!G!H! is the image of "FGH after
a rotation about the origin. Identify any
symmetry.

10. Identify and describe the types of symmetry
in each piece of artwork.
a)

b)

11. Copy each shape on grid paper.
• Draw the image after the translation 

given.
• Label each vertex with its coordinates.
• Does each diagram have line and

rotational symmetry?
If your answer is yes, describe the
symmetry.
If your answer is no, describe how 
you know.

a) 6 units up b) 4 units right

y

x
–2 0

2
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2

y

x
0

2

2

y

x
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2
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x
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y

x
–2 0

2
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7.7 Identifying Types of Symmetry on the Cartesian Plane 375

12. Assessment Focus
a) On a grid, draw !CDE with vertices 

C(2, 3), D("2, "1), and E(3, "2).
b) Draw the translation image !C#D#E#

after the translation R1, U3.
c) Label all the vertices with their ordered pairs.
d) Explain why the translation does not

result in line or rotational symmetry.
e) Find a translation that does result in one

type of symmetry. Draw the image.
How do you know the diagram has
symmetry?

Show your work.

13. a) Draw the image of parallelogram CDEF 
after each transformation below.

b) The parallelogram and its image form a
diagram. If each diagram has symmetry,
describe it. If each diagram does not have
symmetry, describe how you know.

i) a rotation of 90° clockwise about (4, 2)
ii) a reflection in the horizontal line

through 1 on the y-axis
iii) a translation R4

14. The digits 0 to 9 on a digital clock are made
up from horizontal and vertical segments.

a) Sketch each digit on dot paper. Identify
any symmetry it has.

b) For each digit with line symmetry, plot a
part of the digit on grid paper and draw a
line of symmetry so that the digit can be
completed by a reflection.

c) For each digit with rotational symmetry,
plot a part of the digit on grid paper.
Locate the point about which the digit
can be completed by a rotation.

d) Is there a pair of digits that are related by
line or rotational symmetry? Justify your
answer by plotting the digits on a
Cartesian plane.

15. This hexagon is part 
of a larger shape that 
is completed by 
rotating the hexagon 
180° about the origin.
a) Draw the rotation image.
b) List the coordinates of the vertices of the

larger shape.
c) Describe the symmetry in the larger

shape.

Take It Further
16. The 24-hour clock represents midnight as

00:00 and three-thirty A.M. as 03:30. The time
03:30 has line symmetry with a horizontal
line of reflection. List as many times from
midnight onward that have line symmetry,
rotational symmetry, or both. Describe the
symmetry for each time you find.

Reflect

When you see a shape and its transformation image on a grid, how do you identify
line symmetry and rotational symmetry? Include examples in your explanation.

C D

42

2

60
F E x

y

G

N

M K
0

2

3
x

y

J

H
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376 UNIT 7: Similarity and Transformations

Scale Diagrams

For an enlargement or reduction, the scale factor is:

An enlargement has a scale factor ! 1. A reduction has a scale factor " 1.

Similar Polygons

Similar polygons are related by an enlargement or 
a reduction. When two polygons are similar:
◗ their corresponding angles are equal:

!A # !E; !B # !F; !C # !G; !D # !H
and

◗ their corresponding sides are proportional:

# # #

Any of the ratios , , , and is the 
scale factor.

Similar Triangles

When we check whether two triangles are similar:
◗ their corresponding angles must be equal:

!P # !S and !Q # !T and !R # !U 
or

◗ their corresponding sides must be proportional:

# #

Any of the ratios , , and is the scale factor.

Line Symmetry

A shape has line symmetry when a line 
divides the shape into two congruent parts 
so that one part is the image of the other part 
after a reflection in the line of symmetry.

Rotational Symmetry

A shape has rotational symmetry when it coincides with
itself after a rotation of less than 360° about its centre.
The number of times the shape coincides with itself
is the order of rotation.
The angle of rotation symmetry # 360°

the order of rotation

PR
SU

QR

TU

PQ

ST

PR
SU

QR

TU

PQ

ST

DA
HE

CD
GH

BC
FG

AB
EF

DA
HE

CD
GH

BC
FG

AB
EF

Length on scale diagram

Length on original diagram 

3.00

3.00

2.00

1.50

2.50 H

EA B

C

D
°

°

* *
F

G

4.50

3.75

2.25

5.0

2.5 T
x

x

S

P
Q

R U

1.5 3.0

6.03.0
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Review 

1. This photo of participants in the Arctic
Winter Games is to be enlarged.

Measure the photo. What are the
dimensions of the enlargement for each
scale factor?
a) 3 b) 2.5 c) d)

2. Draw this pentagon on 1-cm grid paper.
Then draw an enlargement of the shape
with a scale factor of 2.5.

3. A full-size pool table has dimensions
approximately 270 cm by 138 cm.
A model of a pool table has dimensions 
180 cm by 92 cm.
a) What is the scale factor for this

reduction? 
b) A standard-size pool cue is about 144 cm

long. What is the length of a model of
this pool cue with the scale factor from
part a?

4. Here is a scale diagram of a ramp. The
height of the ramp is 1.8 m. Measure the
lengths on the scale diagram. What is the
length of the ramp? 

5. Gina plans to build a triangular dog run
against one side of a dog house. Here is a
scale diagram of the run. The wall of the
dog house is 2 m long. Calculate the lengths
of the other two sides of the dog run.

6. Which pentagon is similar to the red
pentagon? Justify your answer.

21
5

3
2

7.1

7.3

7.2

7.0 cm

1.5 cm

6.0 cm

5.0 cm

3.0 cm

X 3.15 cm
0.90 cm

2.70 cm
1.35 cm

2.25 cm
*

Z

3.0 cm

1.0 cm
3.5 cm

2.5 cm

1.5 cm

5.25 cm

5.25 cm

3.75 cm

2.25 cm

1.50 cm

Y

*
°

°

Wall of dog house
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7. These two courtyards are similar.

Determine each length.
a) BC b) B!C! c) A!B!

8. These two quadrilaterals are similar.

Calculate the length of: a) PN b) TS

9. To determine the distance, d, across a pond,
Ari uses this diagram. What is the distance
across the pond?

10. This scale diagram shows a surveyor’s
measurements taken to determine the
distance across a river. What is the
approximate distance across the river?

11. How can you use similar triangles to
calculate the distance x in this scale
diagram?

12. Which of these traffic signs have line
symmetry? How many lines of symmetry 
in each case?
a) b)

c) d)

13. Hexagon ABCDEF is a part of a larger
shape. Copy the hexagon on a grid.

a) Complete the shape by reflecting the
hexagon:
i) in the y-axis
ii) in the x-axis

iii) in the line through ("2, "1) and (2, 3) 
b) Complete the shape with a 

translation R2.
c) List the ordered pairs of the vertices of

each completed shape.
d) State whether each completed shape has

line symmetry.

7.4

7.5

A

A!

B

B!

D
D!12 m

8 m

E E!F F!

C
C!

3.6 cm

1.6 cm
2.4 cm

V S

U

T 3.0 cm
°

°

3.5 cm

Q M
xx

P

N

22.5 m

12.5 m 25 m

x

F 0 E 2
x

y

D
B

C

3
A

–2

T

R

S

P

Q

Pond 35 m

23 m

28 md

River16 m

d

40 m

18 m
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14. What is the order of rotational symmetry
of each shape? How do you know?
a) b)

c) d)

15. Rectangle ABCD is part of a larger shape
that is to be completed by a transformation
image.

a) Rotate rectangle ABCD as indicated,
then draw and label each image.
i) 90° counterclockwise about

the point (!4, 2)
ii) 180° about vertex B
iii) 270° counterclockwise about

the point (!2, 2)
b) Which diagrams in part a have rotational

symmetry? How do you know?

16. Look at the diagrams in question 15.
Which diagrams have line symmetry? 
How do you know?

17. For each diagram, determine whether the
two pentagons are related by any symmetry.
Describe each type of symmetry.
a) b)

18. Identify and describe the types of
symmetry in each piece of artwork.
a)

b)

19. a) Translate quadrilateral DEFG as
indicated, then draw and label each
image.

i) L4, D2 ii) R1, U2
b) Does each translation result in line

symmetry or rotational symmetry? 
If your answer is yes, describe the
symmetry. If your answer is no, explain
why there is no symmetry.

7.7

7.6

2
A B

CD

–4 –2 0
x

y

2

2
x

y 2

0 3
x

y

2

0 642
x

y D E

FG
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Practice Test

1. These two quadrilaterals are similar.

a) Calculate the length of BC.
b) Calculate the length of WZ.
c) Draw an enlargement of quadrilateral WXYZ with scale factor 2.
d) Draw a reduction of quadrilateral ABCD with scale factor .

2. Scott wants to calculate the height of a tree. His friend measures Scott’s shadow
as 3.15 m. At the same time, the shadow of the tree is 6.30 m. Scott knows that
he is 1.7 m tall.
a) Sketch two triangles Scott could use to calculate the height of the tree.
b) How do you know the triangles are similar?
c) What is the height of the tree?

3. Use isometric dot paper or grid paper.
a) Draw these shapes: equilateral triangle, square, rectangle, parallelogram,

trapezoid, kite, and regular hexagon
b) For each shape in part a:

i) Draw its lines of symmetry.
ii) State the order and angle of rotation symmetry.

c) Draw a shape that has line symmetry but not rotational symmetry.
d) Draw a shape that has rotational symmetry but not line symmetry.

4. Plot these points on a grid: A(2, 1), B(1, 2), C(1, 4), D(2, 5), E(3, 4), F(3, 2)
For each transformation below:

i) Draw the transformation image.
ii) Record the coordinates of its vertices.

iii) Describe the symmetry of the diagram formed by the original shape and its image.
a) a rotation of 90° clockwise about the point G(2, 3)
b) a translation R2
c) a reflection in the line y ! 2 

1
3

3.0 m 4.4 m

5.4 m

105°

75°
X

Y

ZW

4.5 m

7.8 m

6.6 m
105°

75°

A

C

D

B
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Unit Problem Designing a Flag

Part 1
At sea, flags are used to display messages or warnings.
Here are some nautical flags.
➤ Describe the symmetries of each flag in 

as much detail as possible.
➤ Classify the flags according to the numbers 

of lines of symmetry.

Part 2
Design your own flag.
The flag may be for a country, an organization,
or it may be a flag with a message. It must have 
line symmetry and rotational symmetry.
➤ Describe the symmetries in your flag.

The actual flag must be at least 3 m by 2 m.
➤ Draw a scale diagram of your flag, including 

the scale factor you used.
➤ Describe what your flag will be used for.

Your work should show:
• a description and classification of the symmetries of the nautical flags
• a scale diagram of your flag, in colour, including the scale factor
• a description of the symmetries in your flag
• a description of what your flag will be used for

Reflect
How does knowledge of enlargements and 
reductions in scale diagrams help you understand
similar polygons?
How are line symmetry and rotational symmetry
related to transformations on a grid?

on Your Learning
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We see circles in nature and
in design.
What do you already know
about circles?

What 
You’ll Learn

Circle properties that relate:
• a tangent to a circle and the 
radius of the circle

• a chord in a circle, its perpendicular 
bisector, and the centre of the circle

• the measures of angles in circles

Why It’s 
Important
Knowing the properties of circles 
and the lines that intersect them helps
us to use circles in designs, to calculate
measurements involving circles, and to
understand natural objects that are
circular.
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Key Words
• tangent
• point of tangency 
• chord 
• arc 
• minor arc 
• major arc 
• central angle 
• inscribed angle 
• subtended
• inscribed polygon
• supplementary angles
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384 UNIT 8: Circle Geometry

8.1 Properties of Tangents to a Circle

FOCUS
• Discover the

relationship between 
a tangent and a
radius, then solve
related problems.

You will need a compass, protractor, and ruler.
➤ Construct a large circle and draw a radius.

Draw a line that touches the circle only at the endpoint of the radius.
Measure the angle between the radius and the line.

➤ Repeat the previous step for other radii and lines that touch the circle 
at an endpoint of a radius. Record your results.

Repeat the procedure for other circles.
Write a statement about what you observe.

This wheel is rolling in a straight line on a flat surface.
The wheel touches the ground at only one point.
Visualize the red spoke extended to the ground.
What angle does the spoke appear to make with the ground?

Compare your results with those of another pair of students.
What is the mean value of the angles you measured?
What do you think is the measure of the angle between the line you drew
and the radius of each circle? 

Reflect
Share &

Investigate 2
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Imagine fixing one end of a ruler and rotating the ruler across a circle.

As one edge of the ruler sweeps across the circle, it intersects the circle at 2 points.
Just as the ruler leaves the circle, it intersects the circle at 1 point.
The edge of the ruler is then a tangent to the circle.

A line that intersects a circle at only one point is a 
tangent to the circle.
The point where the tangent intersects the circle is 
the point of tangency.

Line AB is a tangent to the circle with centre O.
Point P is the point of tangency.

8.1 Properties of Tangents to a Circle 385

Connect

◗ Tangent-Radius Property
A tangent to a circle is perpendicular to the radius at the point of tangency.
That is, !APO ! !BPO ! 90°

O
A

B

P

Point of tangency

Tangent

A

B

P

O
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Example 1 Determining the Measure of an Angle in a Triangle

Point O is the centre of a circle 
and AB is a tangent to the circle.
In ∆OAB, !AOB ! 63°
Determine the measure of !OBA.

A Solution

Let x° represent the measure of !OBA.
Since AB is a tangent to the circle, !OAB ! 90°
The sum of the angles in ∆OAB is 180°.
So, x° " 90° " 63° ! 180°

x° ! 180° # 90° # 63°
! 27°

So, !OBA ! 27°

Example 2 Using the Pythagorean Theorem in a Circle

Point O is the centre of a circle 
and CD is a tangent to the circle.
CD ! 15 cm and OD ! 20 cm
Determine the length of the radius OC.
Give the answer to the nearest tenth.

A Solution

Since CD is a tangent, !OCD ! 90°
Use the Pythagorean Theorem in right ∆OCD to calculate OC.
Let d represent the length of OC.
d2 " CD2 ! OD2

d2 " 152 ! 202

d2 " 225 ! 400
d2 ! 400 # 225 
d2 ! 175
d !

d " 13.23
The radius of the circle is about 13.2 cm long.

2175

!

!

63°
O

B

A

63°

x°

O

B

A

C

D
O

15 cm

20 cm

15 cm

C

D
d

O 20 cm
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8.1 Properties of Tangents to a Circle 387

Example 3 Solving Problems Using the Tangent and Radius Property

An airplane, A, is cruising at an altitude of 9000 m.
A cross section of Earth is a circle with 
radius approximately 6400 km.
A passenger wonders how far she is from a point H 
on the horizon she sees outside the window.
Calculate this distance to the nearest kilometre.

A Solution

The line of sight AH from the passenger to the horizon 
is a tangent to the circle at H.

Since the tangent AH is perpendicular to the 
radius OH at the point of tangency H,
∆AHO is a right triangle, with !OHA ! 90°.
Use the Pythagorean Theorem to calculate AH.
Let d represent the length of AH.
d2 " 64002 ! (6400 " 9)2

d2 " 64002 ! 64092

d2 ! 64092 # 64002

d !

d " 339.53
The passenger is about 340 km from the horizon.

264092 # 64002

!

A
9000 m

6400 km

H

Earth

A
9 km

9000 m = 9 km

6400 km
6400 km

O

H
d
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388 UNIT 8: Circle Geometry

Discuss
the ideas

1. A line may look as if it is a tangent to a circle but it may not be.
How can you determine if the line is a tangent?

2. The Pythagorean Theorem was used in Examples 2 and 3.
When is the Pythagorean Theorem useful for solving problems
involving tangents? 

Check
3. In each diagram, point O is the centre of

each circle. Which lines are tangents?
a)

b)

4. Point Q is a point of tangency. Point O is
the centre of each circle. What is each value
of d°?
a) b)

5. Point P is a point of tangency and O is the
centre of each circle. Determine each value
of x°.
a)

b) c)

6. Point P is a point of tangency and O is the
centre of each circle. Determine each value
of a.
a)

Practice

M

O
P

Q

R

N

O

A

B
E

D

C

O

d°
Q

Q

O
d°

O

Q
P
x°

70°

O
P

Q

x°

23°

O

P

Q x°

47°

O

P Q

3

4

a
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8.1 Properties of Tangents to a Circle 389

b) c)

Apply
7. Point T is a point of tangency and O is the

centre of each circle. Determine each value
of d° and e°.
a)

b)

8. Point S is a point of tangency and O is the
centre of each circle. Determine each value
of a to the nearest tenth.
a)

b)

9. Point S is a point of tangency and O is the
centre of the circle. Determine the values of
a and b to the nearest tenth.

10. Look around the classroom or think of what
you might see outside the classroom. Provide
an example to illustrate that the tangent to a
circle is perpendicular to the radius at the
point of tangency.

11. Both AB and CD are 
tangents to a circle at P 
and Q. Use what you 
know about tangents 
and radii to explain 
how to locate the centre 
of the circle.
Justify your strategy.

12. A small aircraft, A, is cruising at an altitude
of 1.5 km. The radius of Earth is
approximately 6400 km. How far is the plane
from the horizon at B? Calculate this
distance to the nearest kilometre.

O

Q

P5

13
a

Q O

P

a

25

15

O

Q

R

T

28°

35°

e°
d°

33°

O

Q
T

R

69°

d°

e°

B

O

S

A

8

a

3

12

9a
S

R
O

8

OR

S

Q

a

b

6

13

A

B

C

D

Q

P

A
1.5 km

6400 km
6400 km

O

B
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13. A skydiver, S, jumps from a plane at an
altitude of 3 km. The radius of Earth is
approximately 6400 km. How far is the
horizon, H, from the skydiver when she
leaves the plane? Calculate this distance to
the nearest kilometre.

14. Point O is the centre of the circle. Point B is
a point of tangency. Determine the values of
x, y, and z°. Give the answers to the nearest
tenth where necessary. Justify the strategies
you used.

15. Assessment Focus
a) From any point outside a circle, how

many tangents do you think you can
draw to the circle? 
Explain your reasoning.

b) Construct a circle. Choose a point outside
the circle. Check your answer to part a.
How do you know you have drawn as
many tangents as you can?

c) How do you know that the lines you have
drawn are tangents?

Show your work.

16. a) Construct a circle and draw two radii.
Draw a tangent from the endpoint of
each radius so the two tangents intersect
at point N. Measure the distance from N
to each point of tangency.
What do you notice?

b) Compare your answer to part a with that
of your classmates. How do the lengths of
two tangents drawn to a circle from the
same point outside the circle appear to 
be related?

c) Points A and C are points of tangency and
O is the centre of the circle. Calculate the
values of x and y to the nearest tenth.
Do the answers confirm your conclusions
in part b? Explain.

17. A circular mirror with radius 20 cm hangs by
a wire from a hook. The wire is 30 cm long
and is a tangent to the mirror in two places.
How far above the top of the mirror is the
hook? How do you know?

18. A communications satellite orbits Earth at an
altitude of about 600 km. What distance from
the satellite is the farthest point on Earth’s
surface that could receive its signal? 
Justify the strategy you used.

390 UNIT 8: Circle Geometry

S

H

O

3 km

6400 km

B

6

9

z° 30° C

A

O

x
y

12
O

C

A

5

20

x

y

B

20 cm

15 cm

20 cm

15 cm
Hook
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8.1 Properties of Tangents to a Circle 391

Take It Further
19. Two cylindrical rods are bound with a strap.

Each rod has diameter 12 cm. How long is
the strap? Give the answer to the nearest
tenth of a centimetre. (The circumference 
C of a circle with diameter d is given by 
C ! πd.)

20. What is the radius of the largest circle that
can be cut from a square piece of paper
whose diagonal is 24 cm long?

21. A cylindrical pipe touches a wall and the
ceiling of a room. The pipe is supported by
a brace. The ends of the brace are 85 cm
from the wall and ceiling. Apply what you
discovered in question 16. What is the
diameter of the pipe? Give the answer to the
nearest centimetre.

22. Each of 3 logs has diameter 1 m.
a) What is the minimum length of strap

needed to wrap the logs? 
b) Would this minimum length be the

actual length of strap used? Explain.

Literacy

Sometimes a conversation goes off topic when the subject being
discussed makes one person think of a related idea. For example, a
discussion about Olympic athletes may prompt someone to think of 
and describe her exercise plan. When this happens, we say the 
discussion has “gone off on a tangent.” How does this everyday
occurrence relate to the meaning of the word “tangent” in math?

Reflect

What do you know about a tangent and a radius in a circle? How can you use 
this property? Include examples in your explanation.

12 cm12 cm

24 cm

85 cm

85 cm
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FOCUS
• Relate a chord, its

perpendicular
bisector, and the
centre of the circle,
then solve problems.

8.2 Properties of Chords in a Circle

392 UNIT 8: Circle Geometry

Investigate 2

These pictures show the sun setting.
Imagine the sun as it touches the horizon.
How is the centre of the sun related to the horizon?

You will need scissors, a compass, protractor, and ruler.

➤ Construct then cut out a large circle. Label the centre
of the circle O.

➤ Choose two points A and B on the circle. Join these
points to form line segment AB. Make sure AB does
not go through the centre of the circle.

➤ Fold the circle so that A coincides with B. Crease the
fold, open the circle, and draw a line along the fold.
Mark the point C where the fold line intersects AB.
What do you notice about the angles at C?
What do you notice about line segments AC and CB?

➤ Repeat the steps above for two other points D and E on 
the circle.
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A line segment that joins two points 
on a circle is a chord.
A diameter of a circle is a chord 
through the centre of the circle.

The chord, its perpendicular bisector, and 
the centre of the circle are related.

8.2 Properties of Chords in a Circle 393

Connect

Compare your results with those of another pair of classmates.
What appears to be true about each line segment and its related fold line? 
What name could you give each fold line?
Through which point do both fold lines appear to pass?

Reflect
Share &

A perpendicular bisector
intersects a line segment at 90°
and divides the line segment
into two equal parts.

◗ Perpendicular to Chord Property 1
The perpendicular from the centre of a circle 
to a chord bisects the chord; that is,
the perpendicular divides the chord into 
two equal parts.
Point O is the centre of the circle.
When !OCB ! !OCA ! 90°,
then AC ! CB

◗ Perpendicular to Chord Property 2
The perpendicular bisector of a chord in a circle 
passes through the centre of the circle.
When !SRP ! !SRQ ! 90° and PR ! RQ,
then SR passes through O, the centre of the circle.

Diameter 

Chord

O

C B
A

O

S

R

Q

P
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394 UNIT 8: Circle Geometry

We can use these 3 properties to solve problems involving chords in a circle.

◗ Perpendicular to Chord Property 3
A line that joins the centre of a circle and 
the midpoint of a chord is perpendicular 
to the chord.
When O is the centre of a circle and EG ! GF,
then !OGE ! !OGF ! 90°

Example 1 Determining the Measure of Angles in a Triangle

Point O is the centre of a circle,
and line segment OC bisects chord AB.
!OAC ! 33°
Determine the values of x° and y°.

A Solution

Since OC bisects the chord and passes 
through the centre of the circle,
OC is perpendicular to AB.
So, !ACO ! 90°
And, since the radii are equal, OA ! OB,
∆OAB is isosceles.

Since ∆OAB is isosceles, then 
!OBA ! !OAB
So, x° ! 33°
In ∆OAC, use the sum of the angles in a triangle.
y° " 33° " 90° ! 180°

y° ! 180° # 90° # 33°
! 57°

!

O

E
G F

O

C33°

y° x° B

A

O

C33°

y° x° B

A
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Example 2 Using the Pythagorean Theorem in a Circle

Point O is the centre of a circle.
AB is a diameter with length 26 cm.
CD is a chord that is 10 cm from the centre of the circle.
What is the length of chord CD?
Give the answer to the nearest tenth.

A Solution

The distance of a chord from the centre of a circle 
is the perpendicular distance from the centre to the chord.
Since OE is perpendicular to chord CD,
then OE bisects CD, and CE ! ED 
To use the Pythagorean Theorem, join OC to form right ∆OCE.
OC is a radius, so OC is of AB, which is of 26 cm, or 13 cm.
Use the Pythagorean Theorem in ∆OCE to calculate CE.
Let the length of CE be represented by x.

OC2 ! x2 " OE2

132 ! x2 " 102

169 ! x2 " 100
169 # 100 ! x2

69 ! x2

x !

x ! 8.307
So, CE ! 8.307 cm
Chord CD ! 2 $ CE

! 2 $ 8.307 cm
! 16.614 cm

Chord CD is about 16.6 cm long.

269

1
2

1
2

Many line segments can be drawn from O,
the centre of a circle, to a chord AB.
The distance from O to AB is defined as the shortest distance.
This distance is the length of the perpendicular from O to AB;
that is, the length of OC.

!

O

C BA

O

10 cm

26 cm

E
D

B

C

A

O

10 cm13 cm

26 cm

E
x

D

B

C

A
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Example 3 Solving Problems Using the Property of a Chord and its Perpendicular

A horizontal pipe has a circular cross section,
with centre O. Its radius is 20 cm.
Water fills less than one-half of the pipe.
The surface of the water AB is 24 cm wide.
Determine the maximum depth of the water,
which is the depth CD.

A Solution

The depth CD ! OD " OC 
OD is the radius, 20 cm.

Since OC is perpendicular to AB, then AC ! of AB,

which is of 24 cm, or 12 cm.

To determine OC, use the Pythagorean Theorem in ∆OAC.
Let x represent the length of OC.
AC2 # x2 ! OA2

122 # x2 ! 202

144 # x2 ! 400
x2 ! 400 " 144 
x2 ! 256
x !

x ! 16

CD ! OD " OC 
! 20 cm " 16 cm
! 4 cm

The maximum depth of the water is 4 cm.

2256

1
2

1
2

Discuss
the ideas

1. In a circle, how are these 3 items related?
• the centre of the circle
• a chord of a circle
• the perpendicular bisector of the chord

2. A diameter of a circle is a chord of the circle. How is the answer 
to question 1 affected if the chord is a diameter?

!

20 cm

O

C
D

BA

20 cm

O

12 cm

x

C
D

BA
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Check
Give the answers to the nearest tenth where
necessary.

3. Point O is the centre of each circle.
Determine the values of d°, e, and f.
a)

b)

c)

4. Point O is the centre of each circle.
Determine each value of x° and y°.
a)

b)

c)

5. Point O is the centre of each circle.
Determine each value of a and b.

a)

b)

Apply
6. Point O is the centre of the circle. Determine

the value of b. Which circle properties did
you use?

Practice

8.2 Properties of Chords in a Circle 397

O

d°

O

5

e

O

14 f

O

40°
x°

y°
C

B

A

O22°

x°
y°D

E

O
110°

x°
y°

F G

O
310

a bH
J

K

O

a
74

b

N P
M

O
5

18

b

P
S

Q

R
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7. Point O is the centre of each circle.
Determine each value of r. Which extra line
segments do you need to draw first? 
Justify your solutions.
a)

b)

8. Construct a large circle, centre O.
a) Draw, then measure a 

chord in the circle.
How far is the chord 
from O?

b) Draw other chords that 
are the same length as the chord you
drew in part a. For each chord you draw,
measure its distance from O. What do
you notice?

c) Compare your results with those of other
students. What appears to be true about
congruent chords in a circle?

9. Trace a circular object to draw a circle
without marking its centre. Draw two
chords in the circle. Use what you have
learned in this lesson to locate the centre 
of the circle. Justify your strategy.

10. Point O is the centre of each circle.
Determine each value of s. Which circle
properties did you use?
a)

b)

11. A circle has diameter 25 cm. How far from
the centre of this circle is a chord 16 cm
long? Justify your answer.

12. Assessment Focus
A circle has diameter 14 cm.
a) Which of the following measures could

be lengths of chords in this circle? 
Justify your answers. How could you
check your answers?
i) 5 cm ii) 9 cm

iii) 14 cm iv) 18 cm
b) For each possible length you identified in

part a, determine how far the chord is
from the centre of the circle.

Show your work. State which circle
properties you used.

398 UNIT 8: Circle Geometry
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13. Draw and label a diagram to illustrate that
the perpendicular to a chord from the
centre of a circle bisects the chord.

14. A chord is 6 cm long. It is 15 cm from 
the centre of a circle. What is the radius 
of the circle?

15. A circle has diameter 13 cm. In the circle,
each of two chords is 8 cm long.
a) What is the shortest distance from each

chord to the centre of the circle?
b) What do you notice about these

congruent chords?

16. An archaeologist discovers a fragment of a
circular plate on a dig at a prehistoric site.
She wants to sketch the missing portion of
the plate to determine how large it was.
Trace the image of the plate fragment.
Locate the centre of the plate. Use a
compass to complete the sketch of the plate.
Explain your work.

17. A radar station R tracks all ships in a circle
with radius 50.0 km. A ship enters this radar
zone and the station tracks it for 62.5 km
until the ship passes out of range. What is
the closest distance the ship comes to the
radar station? Justify your answer.

18. A pedestrian underpass is constructed
beneath a roadway using a cylindrical pipe
with radius 1.8 m. The bottom of the pipe
will be filled and paved. The headroom at
the centre of the path is 2.8 m.
How wide is the path?

Take It Further
19. A spherical fish bowl has diameter 26 cm.

The surface of the water in the bowl is a
circle with diameter 20 cm.
a) What is the maximum depth of the water? 
b) How many different answers are there for

part a? Explain.

8.2 Properties of Chords in a Circle 399

Reflect

What is the relationship among the centre of a circle, a chord, and the
perpendicular bisector of the chord? Use an example to show how this relationship
can help you calculate some measures in circles.

50.0 km

R

62.5 km
Ship’s path

2.8 m
1.8 m

WNCP9_SE_U8_392-403.qxd  5/29/09  4:10 PM  Page 399



400 UNIT 8: Circle Geometry

Dynamic geometry software on a computer or a graphing calculator can
be used to verify the circle properties in Lessons 8.1 and 8.2.
The diagrams show what you might see as you conduct the investigations
that follow.

To verify the tangent property
1. Construct a circle. If the software uses a point on the circle to define

the circle, make sure you do not use this point for any further steps.

2. Construct a point on the circle.
If the software has a “Draw Tangent”
tool, use it to draw a tangent at 
the point you constructed.

Otherwise, construct another point 
on the circle. Construct a line that 
intersects the circle at the two points.
Drag one of the two points on the line until it coincides with the other
point. The line is now a tangent to the circle.

3. Construct a line segment to join the centre of the circle and the point
of tangency. What does this line segment represent?

4. To measure the angle between the tangent and radius, you need 
a second point on the tangent. Construct a second point if the software
does not do this automatically.

5. Use the software’s measurement tools to measure the angle between
the radius and tangent. Does the angle measure match what you have
learned about a tangent and radius? If not, suggest a reason why.

6. Draw other tangents to the circle and the radii that pass through the
points of tangency. Measure the angle between each tangent and
radius. What do you notice?

7. Drag either the circle or its centre to investigate the property for 
circles of different sizes. What is always true about the angle between 
a tangent to a circle and a radius at the point of tangency?

Verifying the Tangent and Chord
Properties

FOCUS
•  Use dynamic geometry

software to verify the
tangent and chord
properties in a circle.
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To verify the chord property
1. Construct a circle.

2. Construct a line segment to join two points on the circle.

3. Construct a line perpendicular to 
the segment through the centre 
of the circle.

4. Use measurement tools to measure the distance between each endpoint
of the chord and the point of intersection of the chord and the
perpendicular. What do you notice?

5. Drag the endpoints of the chord to different positions on the circle to
check the results for other chords. What do you notice?

6. Drag the circle or its centre to investigate the property for circles of
different sizes. What is always true about a perpendicular from the
centre of a circle to a chord in the circle?

Check
1. Suppose you have constructed a circle and one of its radii. Suggest a

way, different from those mentioned above, to construct a tangent at
the endpoint of the radius. Construct several circles, radii, and tangents
to demonstrate your ideas.

2. Use the geometry software to verify these properties of chords.
a) Construct a chord. Construct its midpoint. Construct a

perpendicular through the midpoint. Through which point 
does the perpendicular bisector of the chord pass?

b) Construct a chord. Construct its midpoint.
Construct a line segment from the midpoint to the centre of the
circle. What is the measure of the angle between the chord and this
line segment?

Technology 401
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Seven Counters

You wi l l  need
• a copy of the game

board
• 7 counters

Number of  P layers
• 1 or 2

Goal  of  the Game
• To place all seven

counters on the game
board

402 UNIT 8: Circle Geometry

How to Play

Your teacher will give you a larger copy of this game board:

1. Place a counter on a vertex of the star in the game board.
Slide the counter along any segment of the star to place it at
another vertex. The counter is now fixed.

2. Continue placing counters by sliding them from one vertex to
another until no more counters can be placed. A counter
cannot be placed on the game board if no vertex has a line
segment along which the counter can move.

3. If you play with a partner, take turns to place counters and
work together to decide on a winning strategy.

4. If you play against a partner, work independently to see who
can place more counters.

5. It is possible to place all seven counters on the board, leaving
one vertex of the star open.
Keep trying until you have succeeded!

6. Explain your winning strategy.
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Mid-Unit Review 403

Mid-Unit Review 

8.1

Give the answers to the nearest tenth where
necessary.

1. Point O is the centre of each circle and P is
a point of tangency. Determine each value
of x° and y°.
Which circle properties did you use?
a)

b)

2. Point O is the centre of a circle and point P
is a point of tangency. Determine the value
of a. Explain your strategy.

3. A metal disc is to be cut from a square
sheet with side length 50 cm.
How far from a corner of the sheet is the
centre of the disc? Justify your strategy.

4. Point O is the centre of the circle.
Determine the value of m°.

5. Point O is the centre of each circle.
Determine each value of x.
a)

b)

6. A circle has diameter 32 cm. A chord AB 
is 6 cm from O, the centre of the circle.
a) Sketch a diagram.
b) What is the length of the chord? Which

circle properties did you use to find out?

7. Water is flowing through a pipe with 
radius 14 cm. The maximum depth of the
water is 9 cm. What is the width, PQ,
of the surface of the water?

8.2

O

P

Q

68°
y°

x°

O

T
P

S
57°44°

y°

x°

6
12

O

P a Q

50 cm

G

E

O
71° m°

F

x K
J

O
5

11
H

NM
10

O
P

x
Q

16

14 cm

9 cm

O

QP

R
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8.3

FOCUS
• Discover the

properties of 
inscribed angles and
central angles, then
solve related
problems.

Properties of Angles in a Circle

404 UNIT 8: Circle Geometry

Investigate 2

A soccer player attempts to get a goal. In a warm-up, players line up parallel to
the goal line to shoot on the net. Does each player have the same shooting angle?
Is there an arrangement that allows the players to be spread out but still have the
same shooting angle?

You will need a compass, ruler, and protractor.

➤ Construct a large circle, centre O.
Choose two points A and B on the circle.
Choose a third point C on the circle.
Join AC and BC.
Measure !ACB. Join AO and OB.
Measure the smaller !AOB.
Record your measurements.

➤ Repeat the previous step for other points A, B, and C 
on the circle and for other circles.

O

A
B

C
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➤ A section of the circumference of a circle is an arc.
The shorter arc AB is the minor arc.
The longer arc AB is the major arc.

➤ The angle formed by joining the endpoints of an arc 
to the centre of the circle is a central angle;
!AOB is a central angle.

The angle formed by joining the endpoints of an arc 
to a point on the circle is an inscribed angle;
!ACB is an inscribed angle.

The inscribed and central angles in this circle 
are subtended by the minor arc AB.

8.3 Properties of Angles in a Circle 405

Connect

Compare your results with those of another pair of students.
What relationship did you discover between the angle at the centre 
of a circle and the angle on the circle?
What relationship did you discover among the angles on a circle?

Reflect
Share &

➤ Construct another large circle.
Mark 5 points A, B, C, D, and E, in order, on the circle.
Join AB, AC, AD, and EB, EC, ED.
Measure !ABE, !ACE, and !ADE.
Record your measurements.

➤ Repeat the previous step for other circles.
A

B

E

D

C

Major arc AB

Minor arc AB

A B

Central angle

Inscribed
angle

A B

C

O
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406 UNIT 8: Circle Geometry

The above property is true for any inscribed angle.

We say: The angle inscribed in a semicircle is a right angle.
We also know that if an inscribed angle is 90°, then it is subtended by a semicircle.

➤ The two arcs formed by the endpoints of a 
diameter are semicircles.
The central angle of each arc is a straight angle,
which is 180°.
The inscribed angle subtended by a semicircle 
is one-half of 180°, or 90°.

◗ Central Angle and Inscribed Angle Property
In a circle, the measure of a central angle subtended 
by an arc is twice the measure of an inscribed angle 
subtended by the same arc.
!POQ ! 2 !PRQ, or
!PRQ ! !POQ1

2

◗ Inscribed Angles Property
In a circle, all inscribed angles subtended 
by the same arc are congruent.
!PTQ ! !PSQ ! !PRQ

◗ Angles in a Semicircle Property
All inscribed angles subtended by 
a semicircle are right angles.
Since !AOB ! 180°,
then !AFB ! !AGB ! !AHB ! 90°

O

R

Q

P

T

P

QR

S

90°

180°

A

O

G

F

H

B

180°

WNCP9_SE_U8_404-414.qxd  5/29/09  4:12 PM  Page 406



8.3 Properties of Angles in a Circle 407

Example 1 Using Inscribed and Central Angles

Point O is the centre of a circle.
Determine the values of x° and y°.

A Solution

Since !ADB and !ACB are inscribed angles 
subtended by the same arc AB,
these angles are congruent.
So, x° ! 55°
Both the central !AOB and the 
inscribed !ACB are subtended by minor arc AB.
So, the central angle is twice the inscribed angle.
That is, !AOB ! 2!ACB

y° ! 2 " 55°
! 110°

Example 2 Applying the Property of an Angle Inscribed in a Semicircle

Rectangle ABCD has its vertices on a circle with radius 8.5 cm.
The width of the rectangle is 10.0 cm. What is its length?
Give the answer to the nearest tenth.

!

B

A

C

D

O

55°
y°

x°

B

A

C

D

O

55°
y°

x°

B
O

C

D

A

8.5 cm

10.0 cm
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408 UNIT 8: Circle Geometry

A Solution

The length of the rectangle is AD.
Each angle of the rectangle is 90°.
So, each angle is subtended by a semicircle:
!ADC is subtended by semicircle ABC.
This means that each diagonal of the rectangle 
is a diameter of the circle:
AC is a diameter.

The radius of the circle is 8.5 cm,
so AC ! 2 " 8.5 cm, or 17 cm.

Use the Pythagorean Theorem in right ∆ADC to calculate AD.
Let the length of AD be represented by x.
x2 # CD2 ! AC2

x2 # 102 ! 172

x2 # 100 ! 289
x2 ! 289 $ 100 
x2 ! 189
x !

" 13.748
The rectangle is about 13.7 cm long.

2189

Example 3 Determining Angles in an Inscribed Triangle

Triangle ABC is inscribed in a circle, centre O.
!AOB ! 100° and !COB ! 140°
Determine the values of x°, y°, and z°.

A polygon whose vertices lie on a circle is an inscribed polygon.
In Example 2, rectangle ABCD is an inscribed rectangle.
Rectangle ABCD is inscribed in the circle.

!

A

C

B
O

100°

140°

z°

x°y°

B
O

C

D

x

A

10.0 cm

17 cm
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A Solution

The sum of the central angles in a circle is 360°.
So, 100° ! 140° ! x° " 360°

240° ! x° " 360°
x° " 360° # 240°

" 120°

!ABC is an inscribed angle and 
!AOC is a central angle 
subtended by the same arc.
So, !ABC " !AOC

y° " $ 120°

" 60°

OA and OC are radii, so ∆OAC is isosceles,
with !OAC " !OCA " z°
The sum of the angles in a triangle is 180°.
So, in ∆OAC,
120° ! z° ! z° " 180°

120° ! 2z° " 180°
2z° " 180° # 120°

" 60°

z° "

" 30°

60°
2

1
2

1
2

8.3 Properties of Angles in a Circle 409

!

Discuss
the ideas

1. How can the circle properties in this 
lesson help you decide where soccer 
players need to stand to have the 
same shooting angle on goal?

2. Suppose a circle has an 
inscribed angle. How do 
you identify the arc that 
subtends the angle?

to come <Catch:

wncp9_se_u08_le03_p14c soccer

playes>

120°

A

C

B 100°

z°

y°

O140°

O140°
120°

A

C

B 100°

z°

z°

y°
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Check
3. In each circle, identify an inscribed angle

and the central angle subtended by the
same arc.

a) b)

c)

4. Point O is the centre of each circle.
Determine each value of x°.

a)

b)

c)

d)

Apply
5. Point O is the centre of each circle. Label

each vertex. Determine each value of y°
and z°. Which circle properties did you use?

a)

b)

c)

Practice

410 UNIT 8: Circle Geometry

F

D
E

O
P

Q

R

O

N
M

J
K

O

A

130°
CB

O

x°

x°

O

D

E

F

40° x°

O

G H

K
J

O

M

N

R
x°

29°

y°
O

z°
70°

O
z°

y°

50°

y°

z° 42°

27°O
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6. Point O is the centre of each circle. Label
each vertex. Determine each value of x°
and y°. Which circle properties did you use?
a)

b)

7. Construct a circle and two diameters PR
and QS. Join the endpoints of the diameters
to form quadrilateral PQRS.
a) What type of quadrilateral is PQRS? 

Use what you have learned in this lesson
to justify your answer.

b) What type of quadrilateral is PQRS when
the diagonals are perpendicular?
Construct a diagram to check your
answer.

8. Draw and label a diagram to illustrate:
a) the measure of the central angle in a

circle is equal to twice the measure of
an inscribed angle subtended by the 
same arc

b) the inscribed angles subtended by the
same arc of a circle are equal

9. Rectangle PQRS is inscribed in a circle with
radius 7 cm. The length of the rectangle 
is 12 cm.
a) Sketch a diagram.

b) What is the width of the rectangle? 
Give the answer to the nearest tenth.
Justify your solution.

10. Assessment Focus Geometry sets often
include set squares. A set square is a plastic
right triangle. Trace around a circular
object. Explain how you can use a set square
and what you know about the angle in a
semicircle to locate the centre of the circle.
Justify your solution.

11. Point O is the centre of each circle. Label
each vertex. Determine each value of x°
and y°. Which circle properties does each
question illustrate?

a)

b)

c)

8.3 Properties of Angles in a Circle 411

O
x°

40°

y°

O

x°

25°

y°

O

x°

80° y°

O
x°

50°

y°

O

x°

128°116°

y°
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12. In Investigate on page 404, point C was on
the major arc AB of a circle, centre O.
Suppose C was on the minor arc AB. Do the
circle properties that relate inscribed angles
and central angles still apply? Investigate to
find out. Justify your answer.

13. Some hockey players are approaching the
goal. Two of them are the same distance
from the end boards. Rana’s shooting angle
is 30° while Raji’s is 35°.
a) Sketch a diagram.
b) Who is closer to the middle of the ice?

Explain your reasoning.

Take It Further
14. The Seven Counters game board on page 402

is an 8-pointed star inscribed in a circle. The
vertices are equally spaced around the circle.
What is the measure of the inscribed angle at
each vertex of the star? Justify your solution.

15. The measure of !ACE between a tangent
DE and the diameter AC at the point of
tangency C is 90°. The measure of !ABC
inscribed in a semicircle is also 90°.

a) How does the angle between a tangent
and a chord appear to be related to the
inscribed angle on the opposite side of
the chord? That is, how is !QRS related
to !QPR? Are !PRT and !PQR related
in a similar way? Explain your reasoning.

b) Construct and measure accurate diagrams
to verify the relationship in part a.

412 UNIT 8: Circle Geometry

Reflect

Make a poster that summarizes the properties of angles in a circle.

O

A

C

B
A

B

D C

O

E

Q

O

P

?

?

T R S
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Technology 413

Dynamic geometry software on a computer or a graphing calculator can
be used to verify the circle properties in Lesson 8.3.

The diagrams show what you might see as you conduct the investigations
that follow.

To verify the property of inscribed and central angles
1. Construct a circle.

2. Mark three points on the circle.
Label them A, B, and C.
Label the centre of the circle O.

3. Join AB and BC. Join OA and OC.

4. Measure !ABC and !AOC.
What do you notice?

5. Drag point C around the circle. Do not drag it between points A and B.
Does the measure of !ABC change? 
What property does this verify?

Verifying the Angle Properties

FOCUS
•  Use dynamic

geometry software to
verify the properties of
angles in a circle. 
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414 UNIT 8: Circle Geometry

6. Drag point A or B around the circle. What do you notice about the 
angle measure relationship?

To verify the property of inscribed angles subtended by the
same arc
1. Construct a circle.

2. Mark four points on the circle. Label them A, B, C, D in order.
Label the centre of the circle O.

3. Join AB, AC, BD, and CD.

4. Measure !ABD and !ACD. What do you notice?

5. Drag point C around the circle. What do you notice about the angle
measures? What property does this verify?

Check
1. In the first investigation, you dragged point C around the major arc AB.

Predict what would happen if you dragged C to the minor arc AB.
Use the software to confirm your prediction.

2. Use the software to confirm that all right triangles can be inscribed in a
circle. Justify your strategy.

m∠ABD = 41.67°
m∠ACD = 41.67°

A
D

B
C

O

O

m∠ABC = 66.33°
m∠AOC = 132.97°

A

B

C
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Start Where You Are 415

How Do I Best Learn Math?

Suppose I have to investigate two triangles like these in a circle.

➤ I could work alone or with others.

• Keena says, “I prefer to think things through
on my own.”

• Jetta says, “I like to discuss my ideas with 
a partner.”

• Tyrell says, “I like to work in a group to get 
lots of ideas.”

➤ I use what I know about angles.

• Keena’s method:
I drew and labelled a diagram like the one above,
then measured the angles in the triangles.
I made sure that the diagram is big 
enough to be able to measure 
the angles with a protractor.
I recorded the angle measures 
on the diagram.
I noticed that pairs of angles in 
the two triangles are equal:

!ABE ! !ADE ! 58°
!BAD ! !BED ! 73°
!ACB ! !ECD ! 49°

So, the triangles are similar.
"ABC ! "EDC

A

B

D

E

C

73°

73°

A

B

E

D

C

58°

58°

49°

49°
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• Jetta’s method:
I reasoned from what I have learned 
about angles in a triangle.
Arc AE subtends inscribed angles 
at B and at D.
So, !ABE ! !ADE
Arc BD subtends inscribed angles 
at A and at E.
So, !BAD ! !BED
Since two pairs of angles in the two triangles 
are equal, the angles in the third pair must also 
be equal, because the sum of the angles in any triangle is 180°.
So, !ACB ! !ECD
Since 3 pairs of corresponding angles in two triangles are equal,
the triangles are similar.
"ABC ! "EDC

• Tyrell’s method:
I used geometry software.
I drew a circle and two intersecting chords.
I then joined the ends of the chords 
to form two triangles.
I labelled the vertices of the triangles.
I used the software to measure the angles.
I rounded the angle measures shown 
on the screen to the nearest degree.

From the screen, I noticed that 
these angles are equal:
!ABE ! !ADE ! 70°
!BAD ! !BED ! 43°
!ACB ! !ECD ! 67°

Since 3 pairs of corresponding angles in 
two triangles are equal,
the triangles are similar.
"ABC ! "EDC

Check
1. Choose the way you best learn math.

Investigate whether all rectangles can be inscribed in a circle.

A

B

D

E

C
x

x

m∠ECD = 66.82°
m∠ACB = 66.82°
m∠BED = 42.90°
m∠BAD = 42.90°
m∠ADE = 70.27°
m∠ABE = 70.27°

C

A

D

B

E

416 UNIT 8: Circle Geometry
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Study Guide

Study Guide 417

◗ A tangent to a circle is perpendicular to the 
radius at the point of tangency.
That is, !APO ! !BPO ! 90°

◗ The perpendicular from the centre of a circle to a 
chord bisects the chord.
When !OBC ! !OBA ! 90°, then AB ! BC

◗ A line segment that joins the centre of a circle to the
midpoint of a chord is perpendicular to the chord.
When O is the centre of a circle and AB ! BC,
then !OBC ! !OBA ! 90°

◗ The perpendicular bisector of a chord in a circle 
passes through the centre of the circle.
When !OBC ! !OBA ! 90°, and AB ! BC,
then the centre O of the circle lies on DB.

◗ The measure of a central angle subtended by an 
arc is twice the measure of an inscribed angle 
subtended by the same arc.
!AOC ! 2!ABC, or
!ABC ! !AOC

◗ All inscribed angles subtended by 
same arc are congruent.
!ACB ! !ADB ! !AEB

1
2

O

BA P

O

A B C

D

O

A
B

C

C

B

A

O

A B

E

D

C

WNCP9_SE_U8_415-421.qxd  5/29/09  4:17 PM  Page 417



418 UNIT 8: Circle Geometry

Review 

◗ All inscribed angles subtended by 
a semicircle are right angles.
!ACB ! !ADB ! !AEB ! 90°

A B

C D

E

O

Give the answers to the nearest tenth where
necessary.

1. Point O is the centre of each circle.
Segments PT and QT are tangents.
Determine each value of x°, y°, a, and b.
Show your work.

a)

b)

c)

2. A circular mirror is suspended by a wire
from a hook, H. Point O is the centre of the
circle and is 16 cm below H. Explain how
you know that the wire is not a tangent to
the circle at P and at Q.

3. Draw a circle with centre O. Mark a point P
on the circle. Explain how to draw a
tangent to the circle. Which circle property
did you use?

4. A circular plate is supported so it touches
two sides of a shelf. The diameter of the
plate is 20 cm. How far is the centre O of
the plate from the inside corner C of the
shelf? Which circle properties helped you
find out?

O

T

P

y°

x°

25°

O

127

P
a

T
y°

54°

O

9

20

a

b
T

P

Q

Q16 cm

13 cm

O

P
7 cm

13 cm

H

8.1

O

C
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Review 419

5. Point O is the centre of each circle.
Determine each value of x.
Justify your answers.

a) b)

6. A dream catcher with diameter 22 cm is
strung with a web of straight chords.
One of these chords is 18 cm long.
a) Sketch a diagram.
b) How far is the chord from the centre of

the circle? Justify your solution strategy.

7. Point O is the centre of each circle.
Determine each value of x° and y°.
Which circle properties did you use?

a) b)

8. A square has side length 5 cm. It is
inscribed in a circle, centre O.
What is the length of the radius of the
circle? How do you know?

9. Point O is the centre of each circle.
Determine each value of x° and y°.
Justify your answers.

a)

b)

c)

10. A rectangle is inscribed in a circle, centre O
and diameter 36.0 cm. A shorter side of
the rectangle is 10.0 cm long. What is the
length of a longer side? How do you know?

8.2 8.3

8

Ox10

x7

O
16

O

x°35°

y°

O x°
y°

O

5 cm

x°

y°

O

120° O
y°

x°

150°

O

y°

x°

O
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1. Point O is the centre of the circle.
Point P is a point of tangency.
Determine the values of x and y°.
Give reasons for your answers.

2. Point O is the centre of the circle.
Determine the values of x°, y°, and z°.
Which circle properties did you 
use each time?

3. A circle has diameter 6.0 cm. Chord AB is 2.0 cm from the centre of the circle.
a) Sketch a diagram.
b) How long is the chord AB?
c) Another chord, CD, in the circle is 2.5 cm from the centre of the circle.

Is chord CD longer or shorter than chord AB? Justify your answer.

4. Use what you know about inscribed and central angles to explain why the angle
inscribed in a semicircle is 90°.

5. Where is the longest chord in any circle? How do you know? Draw a diagram to
illustrate your answer.

6. A circle has diameter 16 cm.
a) Which of the following measures could be distances of chords from the 

centre of this circle? How could you check your answers?

i) 4 cm ii) 6 cm iii) 8 cm iv) 10 cm

b) For each possible distance you identified in part a,
determine the length of the chord.

7. a) Construct a circle and mark points P and Q to form major and minor arcs PQ.
b) Construct inscribed !PRQ subtended by minor arc PQ.
c) Construct inscribed !PSQ subtended by major arc PQ.
d) How are !PRQ and !PSQ related? Justify your answer.

Practice Test

O

P

Qy°

x
56°

12 cm

10 cm

x°

y°

z°

122°
O

E

C

A

B

D

F

420 UNIT 8: Circle Geometry

WNCP9_SE_U8_415-421.qxd  5/29/09  4:17 PM  Page 420



Unit Problem Circle Designs

Many works of art, designs, and objects in nature are 
based on circles.
Work with a partner to generate a design for a 
corporate or team logo.

Part 1
Sketch a design that uses circles, tangents, and chords.
Use your imagination to relate circles to a business or 
sports team.

Part 2
Work with geometry tools or computer software to 
draw your design.
Measure and label all angles and lengths that 
demonstrate the circle properties.
Some lines or features at this stage may disappear or be covered 
by the final coloured copy. So, ensure you have a detailed design copy 
to submit that demonstrates your understanding of the geometry.

Part 3
Produce a final copy of your design. You may cover or alter the underlying
geometry features at this point if it enhances your design.

Your work should show:
• sketches of your design
• a detailed, labelled copy of your design that shows circle geometry properties
• written explanations of the circle properties you used in your design 
• a final coloured copy of your design with an explanation of its purpose,

if necessary

Reflect
Explain how knowing the circle properties from this
unit can help you determine measurements of
lengths and angles in circles.

on Your Learning

Unit Problem 421
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